Measure valued solutions of the 2D Keller-Segel system. 
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1 Introduction 

O . 

, In this paper we study the solutions of the following two-dimensional Keller-Segel system describing 

^ • chemotaxis: 

o 



d t u - Au + V (uVv) = in fi, d u u\ an = (1.1) 

—Aw = u — — J udx in Q , d v v\ an = (1.2) 

u(x,0)=Uo(x) in Q, (1-3) 

where f2 C K 2 is a bounded domain with boundary dil £ C 4 and uo is a bounded, nonnegative 
function. 

It is well known that the solutions of (|l.l|) - (|1.3j) blow-up in finite time, i.e. 

lim / u p dx — oo for all p > 1 
^ T Jn 



for some T < oo (cf. [5]). 

The Keller-Segel system as well as the properties of the blow-up set has been extensively studied. 
An idea that was introduced in [6] to prove discreteness of the blow-up set is the symmetrization 
Cn| ■ of the nonlinear term in (|1.1[) in the equation that describes the evolution of the mass of u. The 

symmetrization idea has been used in a more general form in [8 to show that the solutions of a 
system analog ous to (fTTT|) - (fTT3|) but with ([OJ) replaced by 



—Av + 7t> = u in Q , d^v\ 9n = 

blow-up in a finite set of points. The method used in [8] relies heavily in the symmetry properties 
of the operator uVt>. Similar ideas to the ones in [8] can be applied to prove discreteness of the 
blow-up set for the solutions of (|l.ip - (|1.3[) . 

Continuation beyond blow-up has been considered from several points of view. The usual 
approach used to extend the solutions of Keller-Segel systems beyond the blow-up time consists 
in regularizing some of the nonlinearities in the equations by means of a sequence of problems 
depending on a parameter e > 0. The regularization is chosen in order to obtain a problem with 
global solutions in time and also to recover formally the original Keller-Segel system as the parameter 
£ — » 0. The papers [11], [12] study in detail one of these regularizations using matched asymptotics. 
In particular, it was obtained in those papers that formal limits of solutions of the system (|1.1[) - 
(|1.3|) with ft = M 2 can be described by a set of Dirac measures whose positions and masses evolve 
according to a system of ODEs. A different regularization was considered in the papers [7], [2] where 
it was introduced a concept of weak solutions for systems analogous to Ql.l[) - (|1.3[) as the limit of 
regularized problems, different from the ones considered in [TT], [12]. A key idea in [7], [5] is the 
use of a symmetrization procedure for the nonlinear term similar to the one in [8] . It was also seen 
in [2] that assuming that the measures were Dirac masses concentrated in smoothly moving curves, 
the masses and positions of the Dirac masses would evolve according to a system of ODEs, closely 
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related to the one obtained in [TT], but exhibiting some differences due to the different choice of 
regularization used. 

In this paper we obtain generalized solutions for (|l.l[) - (jl.3[) in the sense of measures as the limit 
of two-different rcgularizations of it. We will show that the resulting limit measures, that are in 
some suitable sense global weak solutions of (|l.l[) - (ll.3[) . depend in the regularization. 

The plan of the paper is the following. In Section 2 we introduce two different regularizations 
of the Kcllcr-Segel system. Section 3 contains some properties of the fundamental solution for the 
Laplace equation in bounded domains that will be used throughout the whole paper. In Section 
4 we describe a key argument that allows to control the local change of mass in a given region. 
Section 5 contains an estimate for the solutions of the second regularization obtained using an 
entropy inequality. Local regularity estimates for the solutions of both regularized problems in 
the regions where the mass is small are obtained in Section 6. Section 7 describes how to obtain 
limit measure solutions for both limit problems, as well as the fact that such measures consist in a 
finite number of atoms plus a regular part. Section 8 describes the limit problems satisfied by such 
measures. Section 9 proves that both regularization yield different limit measures for masses above 
the critical value. Finally, Section 10 contains a formalism to describe the form of the nonlinear 
terms arising in the limit weak formulation using measured valued Young measures, since some fast 
oscillations could take place near the singularities. 

2 Two regularizations of (flJd)-(LOL 

We will use in this paper two regularizations of the system (|l.ip - (|1.3j) . The first one is: 

d t u - Au + V (/ e (it) Vv) = in Q , d v u\ aa = (2.1) 
-Av = / e ( u ) - -L y f e (u) dx in fi , d v v\ an = 



(2.2) 



where: 




(2.3) 



The second regularization that we will use is: 

d t u — A fit + eum + V (uVv) = in fi , d y u\ dn = (2.4) 

1 f 

—Av = u — t^t J udx in f2 , d v v\ dn = (2-5) 

The choice of the exponent | in (|2.4[) is not essential. The arguments could be made in a similar 
manner for any number greater than one. However, some computations in Section [5] will become 
slightly simpler with the particular exponent 2. 

We assume in both cases e > 0. It would be possible to use in (|2.ip . ()2.2[) f e (it) — or 
similar cutoff functions. A key feature of these regularizations is the symmetry of the nonlinear 
terms (/ E (it) Vu, uVv respectively) on the function it. This restriction is needed, because the idea 
used in [8] to control the motion of the mass relies heavily on these symmetry properties. 



It is trivially seen that the classical solution of the problems (|2.1I) . (12.21) or (I2.4|) . (|2.5[) with 
initial data it (x, 0) = uq (x) is globally defined in time for any e > 0. In particular, ||ii||i<>o(n) i s 
bounded in any interval < t < T < oo, although the resulting estimate depends on e and it can 
be expected to blow-up as e — > + . The choice of boundary conditions imply: 

u (x, t) dx = / uq (x) dx . (2-6) 
si Jn 
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The rest of the paper is devoted to characterize the limit of the solutions of these two problems as 



3 A local approximation of the Green's function for the 
Laplace operator with Neumann boundary conditions. 

We will use the a detailed description of the Green's function associated to the Laplace equation 
with Neumann boundary conditions near the boundary. 

The following Lemma collects some basic geometrical results. The proof is elementary and it 
will be omitted. 

Lemma 1 Suppose that del 2 is an open set with dfl G C 4 . Let us denote as d (y) — dist (y, dil) 
the distance of y to dfl. There exists ctq > depending only on <9f2 such that the function d{y) is 
uniquely defined and it has two continuous derivatives in the set hi = {y G £1 : dist (y,dtt) < 2oo}- 
For any D G [0,2<7o] we define the curves Td — {y & K 2 ; d(y) = Z)} . For any y G Td the vector 
v (y) = — Ve? (y) is the normal unit vector to the curve at the point y and h (y) = V • (y (y)) is the 
curvature ofTr> at y. Moreover, suppose that we denote as t{y) the unit tangent vector to To at 
y. Then: 

Vv{y) = h{y)t(y)®t(y) . (3.1) 

The following general property of the Green's function of the Laplace equation with Neumann 
boundary conditions will be useful: 



Lemma 2 Suppose that G (y, x) is the unique solution of: 

1 

in 

dG 



A y G(y,x)=6 x (y)- — , y G n , x G n (3.2) 



(y,a;)=0 , ye dn (3.3) 

OVy 

G{y,x)dy = , ieSl (3.4) 



S2 



where v y denotes the outer normal to dQ at y G 90. Suppose that x,xq G fl, x ^ x$. Then: 

G (x, xq) — G (xq, x) 

Proof. Multiplying (j3.2p ~ p.4p by G(y,xo) , and integrating by parts we obtain: 



V y G (y, x ) V y G (y, x)dy = G (x, x ) 
Exchanging the role of x, xq the result follows from the symmetry of the left-hand side. 



n 



3.1 Uniform regularity estimates near the boundary. 

We now describe the above mentioned Green's function. The main content of the next lemma is 
the uniform continuity of the remainder function K (y,x) . 

Lemma 3 Suppose that G (y, x) is as in Lemma\^ Let ero be as in Lemma[J\ and let Z G C°° (Cl) 
be a cutoff function satisfying with Z (y) = 1 for d (y) < Ctq, Z (y) = for d (y) > 2o~q. 
Then, there exists K G C (fl x fi) with V y -ftf, V X K G C (O x f2) such that: 

G (y, x) - -i- [log (\y - x\) + Z (y) log (|r (y) - x\)} + K (y, x) (3.5) 

where 

r(y) = y + f (y) v{y),f (y) = 2d (y) + h (y) (d (y)) 2 . 
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Proof. Existence and uniqueness of the function G is standard (cf. QZ3)- Since the result is 
inmcdiate for d(y) > cxo we restrict our analysis to the case d(y) < Co- We dehne a function 

G* (y, x) = -i- [log (\y - x\) + log (|r (y) - x\)} . 
Notice that G* satisfies: 

BC* 

^— = o , ye dft (3.6) 
dv y 

as well as: 

-A,G*(y^) = ~^A,(log(|r( 2 ;)- a ;| 2 )) in U (3.7) 
In order to compute the right hand side of (|3.7[) we write: 

(log (k (y) - x\ 2 ) ) = — ' A y (| T (y) - ,| 2 ) - T (V W (|r (y) - ^ 2 



(3.8) 



|r(j/)-a;| v ' |r (y) - x\ 

Using Lemma Q] we obtain: 

V y (|t (y) - x| 2 ) = 2 (r (y) - x) + 2 [i/ (y) ■ (r (y) - i)] V,/ + 2ft/ [t (y) ■ (r (y) - *)] t (y) . (3.9) 

We will use also the equivalent formula: 

(|t (y) - x| 2 ) = 2 [(t (y) - a) - 2 [i/ (y) • (r (y) - ar)] i/ (y)] + (3.10) 
+ 2 [i/ (y) • (r (y) - a;)] [V,/ + 2v (y)] + 2ft/ [t (y) • (r (y) - x)\ t (y) . 



Applying the operator V- to (|3.9[) , using that d < C \t (y) — x\ , f (d) < Cd where C is a 
constant depending only on the regularity bounds of f2 and neglecting terms that are smaller than 
\r (y) — x\ 2 we obtain: 



A 



as: 



v (V (V) - *\ 2 ) = 2V„ ■ (r (y)) + 2 [v (y) ■ (r (y) - x)) A y f + 2 (V, \v (y) ■ (r (y) - *)]) ■ V y /+ 
+ 2 [t (y) • (r (y) - x)] (V, (ft/) ■ t (y)) + 2hf (V, [t (y) • (r (y) - a;)] • t (y)) + 
+ 0(|r(y)-x| 2 ) . (3.11) 

The first term on the right-hand side of (|3.11l) can be approximated, using the definition of /, 

2V„ • (r (y)) = 2fh - 4dh + O (d 2 ) = O (d 2 ) . (3.12) 
The second term on the right-hand side of (|3.11l) satisfies: 

2 [v (y) • (r (y) - a;)] A y f = 2 \v (y) ■ (r (y) - a:)] [-2V W ■ iy (y)) + 2ft {V y d (y)) 2 + O (d) 

= o(\r{y)-x\ 2 ) . (3.13) 

The third term on the right-hand side of p. lip can be written, using Lemma [1] as: 

2 (Vj, [v (y) ■ (r (y) - x)]) ■ V y f = -4 - 4ftd + 2 [2 + 2hd] 2 + O (d 2 ) = 4 + 12dft + O (d 2 ) . (3.14) 

We can estimate the fourth term on the right-hand side of (|3 . 1 1 1) . using the orthogonality of 
t (y) and v (y) as: 

2 [t (y) • (r (y) - a)] (V, (ft/) • i (y)) = O (|r (y) - x| 2 ) . (3.15) 
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Moreover, using (13.11) and the orthogonality of t (y) and v (y) we estimate the fifth term on the 
right-hand side of p. lip as: 

2hf (V y [t (y) ■ (t (y) - x)} ■ t (y)) =2hf + (|r (y) - x\ 2 ) =Adh + (|r (y) - x\ 2 ) . (3.16) 

Therefore, combining (|3. 1 ![) - (|3. 16|) : 

A y (|r (y) - x| 2 ) - 4 + 16dh + O (|r (y) - x\ 2 ) . (3.17) 

On the other hand we compute (\7 y ^|t (y) — x \ 2 ^ • To this end we use (|3.10[) . Using that 
+ 2v (y)] — O (d) as well as the fact that (/ — 2v eg) v) is an isometry we obtain, after some 
computations: 

(V„ {\t{ V )~x\ 2 )) 2 ^A\ T {y)~x\ 2 + \Qdh\T{y)~x\ 2 + 0(\T{y)-x\ i ) . (3.18) 

Combining (J3TH1) , (I3TT71) . (f3~TS|) we obtain: 

|A y (log(|r(y)-^|))|<C in Q (3.19) 

for some constant C depending only on fi. 

We now derive an estimate for \7 x (A y (log (\t (y) — x\))) with respect to x. To this end we 
differentiate 



V 



(A, (log(|r(y) 



|2 
X\ 



2(r(y)-x)_ A (i _ r ^ ^ A 2 



(|t (y) - x\ 2 ) - A y (r (y) - x) - 



\ T (y) - x \ 4 v y ' 1 \ T (y) - 4' 

rTT^j K (V (2/) - ^l 2 ) ) 2 + , , , 4 , 4 V, (|r (y) - x\ 2 ) ■ V, (r (y) - x) (3.20) 
|r(y)-a;| v v " |r(y)-a;| v ' 

for ci (y) < Co- Notice that, using Lemma [T] and the definition of r (y) we obtain, after some 
computations: 

A y ( n (y) - Xi ) = V y ■ (Vyfvi (y) + /V^ (y)) = O (d) (3.21) 
On the other hand: 

V a (t ( (y) - an) = V y (t 4 (y)) = e; - [2 + 2dh] v (y) i/ 4 (y) + /M* (y) t (y) + O (d 2 ) (3.22) 

where is a unit vector in the direction of the yi axis. Combining (|3.9|) and (|3.22p it then follows 
that: 

V, (|t (y) - *| 2 ) ■ V, (r (y) - x) = [2 + 8d/i] (r (y) - i) + O (|r (y) - x| 3 ) (3.23) 



It then follows from (|3T7| . (JSHSJ), (jOty . (j3~2T|) . (ET251) : 

V x (A, (log(|r(y)-^|))) 



2 i 1/1 JL I / A |2 



2 r(y - x) 4 (r y) - x) , 

— — -^[4+16*]- — — -g- 4\r(y)-x\ + Wdh\r (y) - x\ 

\T{y)-x\ \T{y)-x\ 

|r(y)-:r| 4 \|r(y)-a:| ' 

|r(y) -x| 
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Combining ([535]) . (|3~2l| we obtain: 

|A„ (Z(y)\og(\r(y)-x\))\<C 

|V a (A y (Z( tf )bg(|r(y)-x|)))|<C 



^(y) 



(y) -»l 



(3.25) 
(3.26) 



uniformly on (x,y) Gfixfl. 

We can now prove the continuity of the function K (x, y) defined in (|3.5[) . Notice that (|3 . 2[) - (|3 .4[) . 
(j3~25l) . (I3~26l) imply: 

-A J ,(K(y,x))= J R 1 (y,x) , |i?i(y,x)|<C 
dK 

(y, x) = , y G <9ft , x G ft 



9i 



< Ci , x G ft 



K(y,x) dy 

Jn 

with Ci independent on x. 

-A J/ (V x ivT(y,x)) = J R 2 (y I x) , |# 2 (y,x)|<C 



■ (y) - x\ 



(3.27) 



(3.28) 



(y,x) = , y G <9ft , ie!l 



V x K(y,x) dy 



<Ci , x G ft 



with Ci independent on x. 

Therefore, multiplying p. 281) by V x if (y, x) , integrating with respect to the y variable and 
integrating by parts and using Sobolev and Holder inequalities we obtain: 

f \V x K(y,x)\ p dy + [ |V \ (V ' X K (y , x))| 2 dy < C , for any p < oo 
Jn Jn 

uniformly on x e ft. On the other hand, multiplying (I3.27|) by K (y, x) and using a similar argument 
we obtain: 

' \K(y,x)\ p dy+ I \V y {K(y,x))\ 2 dy<C , foranyp<oo 
Jn 

uniformly on x G ft. Classical regularity theory for (13.27)) then shows that K (y, x) , V ' y K (y, x) are 
uniformly bounded in ft x ft. 

Since [77^3^1 <= L q (ft) for any q < 2, it follows from classical regularity theory that V X K (•, x) G 
W 2 ' q (ft) for any q < 2 with uniform bounds on x G ft. Therefore, Sobolev embeddings yield 
V X K (-,x) € VF 1 ^ (ft) for any a < 00 and then V X K (-,x) is Holder in the y variable, uniformly 
on x G ft. It remains to prove continuity in the x variable. To this end we use (|3.28[) as well as 
()3.2j) - (|3.4j) to write the representation formula: 



V X K (y,x) = / G(y,z)R 2 (z,x)dz - 
Jn 

Using the inequalities: 

\G* (y,z)R 2 (z,x)\<C 

\K{y,z)R 2 (z,x)\<C 



G* (y,z)R 2 (z,x) dz 
Z(z) 



K (y, z) R 2 (z, x) dz (3.29) 



\r(z)-x\ 

Z(z) 
\t{z)-x\ 



|log(|z-y| 



as well as the continuity of the function R 2 (x, z) with respect to the x variable for x ^ z it then 
follows that the right-hand side of (|3.29[) is continuous and the result follows. ■ 
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3.2 A geometric representation formula for V X G. 

We write the Green's function V^G (y, x) in a more convenient form. To this end we introduce the 
following notation to denote the closest point to x at the boundary dfl. 

P a (x) = x + d(x)v(x) , dist (x, Oil) < cr (3.30) 

The next lemma provides a suitable approximation for V^G near d£l. 

Lemma 4 Assume that G is as in Lemma\^ Then we can write: 
V x G(y,x) 

= 1 (x-y) _ Z (y) P d (x) - P a (y) - [d (x) v (x) + d (y) v (y)} 

2K\ X -y\ 2 27T D 

- Z{y) ^ {y) [Q t (Y (x, y) , Ai (x, y) , A 2 (x, y)) + g n (Y (x, y) , M (x, y) , A 2 (x, y)) v {y)\ + W (x, y) 

(3.31) 

where the operator Pq is defined in H3.30\) , d (■) is as in Lemma\]\ W (x, y) is continuous in Cl x 0, 
and the functions Q t , g n , Y, Ai, A 2 are given as: 

Qt (Y, A l5 A 2 ) - -2 (Ai + A 2 ) \\Y + (X 1 - A 2 ) \Y\ 2 Y (3.32) 
g n (Y, Ai, A 2 ) = [-A| + 2A 2 . (Ai + A 2 ) 2 + (A 2 . - A 2 ) \Y\ 2 ] (3.33) 
D = \P a (x)-P d (y)\ 2 + (d(x) + d(y)) 2 (3.34) 

Y (x,y)- M*)-MV) 



Ai (x,y) 
A 2 (x, y) 



\I\Pb(x) 


-Po(y)\ 2 + 


(d(y)- 


Vd{y)) 2 




d{x) 






\/\Pd{x) 


-Pa{y)\ 2 + 


(d(y)- 


Vd{y)f 




d(y) 






J\Pa(x) 


-P d (y)\ 2 + 


(d(y)- 


^d(y)) 2 



Remark 5 The first two terms in t3.31\) are homogeneous functions of order —1. The terms Q t , g n 
are homogeneous functions of order zero that in the limit \x — r (y)\ — > yield respectively a tan- 
gential component and a normal component to <9f2. 



Proof. Our goal is to approximate V X G that is given as (cf. (|3.5 



1 (x-y) _ Z(y) x-t (y) 
^\x-y\ 2 2^ \x-r{ y f 



V x G(y,x) = - — ± »'--^L. ^> +VxK {y,x). (3.35) 



Using (|3.30|) we obtain: 

x - r (y) = P d (x) - P d (y) - [d (x) v (x) + d (y) v (y)] ~ h (y) (d (y)) 2 v (y) , (3.36) 
whence it follows, after some computations: 

\x - r (y)\ 2 = | P a (x) - P d (y)\ 2 + (d (x) + d (y)) 2 - 2 (P 9 (x) - P d (y)) ■ (d (x) v (x) + d (y) v (y)) + 



2h 



(y) (d (y)) 2 (d (x) + d („)) + O ((d (x)f + (d [y)f + \x - yf) . (3.37) 
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Let us define I (x, y) = (P a (x) -P a (y))-t (y) . Using also v (y) = u (P a (y)) , t (y) = t (P a (y)) 
we obtain: 

(P 9 (x) -P a {y)) = l [x, y) t (y) - HPe(yMH*,y)) 2 v {y) + Q ^ ^ y)) sj 

d (y) (Pa (*) - Pa (y)) -Hv) = - M^Mfe^!^) + ((I (x, y)f) 
d (x) (P 9 (x) -P a{ y)). V (x) = We WW*, V)) 2 d{x) ^ y)f 

(l{x,y)f = \P d (x)-P d (y)\ 2 + 0(\x-y\ 3 ) . 

Then: 

2 (P d (x) - P d (y)) ■ (d (x) v{x)+d (y) v (y)) (3.38) 
= -h (y) (d (y) - d (x)) (i (x, y)f + O (\x - yf + (d (x)f + (d (y)) 4 ) . 

Plugging (|3.38p into (|3.37[) and using Taylor's expansion we obtain: 

x-r(y) = P a jx) - P a (y) - [d (x) v{x)+d jy) v jy)} | 
\x-r(y)\ 2 D 

+ [Gt (Y (x, y) , Ai (x, y) , A 2 (a;, y)) + g n (Y (x, y) , Ai {x, y) , A 2 (x, y)) v (y)) + 

+ W{x,y) , (3.39) 

where Gt, 9n are as in (|3.32p . (13.33)) and W {x,y) is a continuous function in Q x Q satisfying: 

W(x,y)=0(d(x) + d(y) + \x-y\) . 

Combining (|3~35|) . (j3~39l> . (|33T|) and LemmaHfollows with W (x, y) = {x, y)+V X K (x, y) 

■ 

4 Local mass change estimates. 

In this Section we derive some crucial estimates for the local change of mass of u for the solutions 
of (|2.1[) , (|2.2p or (|2.4[) , (|2.5p . To this end we use the symmetrization argument as introduced in [5] 
and used also in [2J, [7]. We will consider separately the cases of points xo that are at the interior 
of n and the points that are close to the boundary. 

4.1 Interior estimates. 

We will use an auxiliary test function <p g C ' (K + ) defined as: 

r 2 1 
ip (r) = 1 — — , < r < 1 , (p (r) = log (r) , 1 < r < e 4 

, . 1 / 3e^ \ i 3ei , . „ 3e^ „. 

yW^^rl— , e4< r <— , v{r) = , r>— (4.1) 

1 

Given p > and xq G 11, such that d (xq) > 3e 2 p we define: 



<V<<> = y(l^-^l (4.2) 
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Notice that (|4.1I) implies: 



Aipp (x) = for \x — xq\ < p , AVv (x) = for p < \x — x \ < e 4 p , 

A-0 p (a;) > for e*p< \x — x$\ 



(4.3) 



The letters ip, ip will denote generic test functions that will change along the paper, but will be 
used consistently in each argument. 
We have: 



Proposition 6 Suppose that u solves one of the problems V2.1)) , 12.2]) or {2.1$ , \2. 5\) . Let us fix 
p > and let us assume that dist (xq, dfl) > 2p. Let ip p be as in ft4-2\ ). Then: 



n 



< 



if u solves nil]) . iQQjj) . and. 



0, 



n / P P Jb p (x ) 



(4.4) 



(4.5) 



if u solves {2.4}) , i2.5\) . The constant k depends on ||uo||ii(n); but it is independent on e and p. 
Proof. Suppose that u solves (|2.ip . (|2.2I) . Then, integrating by parts and using (|2.1[) we obtain: 



ippudy 



A^ p (y)udy- / f E (u)V^ p (y)Vv(y,t)dy = 



We rewrite the fundamental solution G {x, y) using Lemma [3J It then follows that: 

1 



G(y,x) 



2tt 



log(\x - y\) + G (y,x) 



where, using that < 2 : 



\V y G (y,x)\<- , \y-x \< 3<V> 



P 2 

Then the following representation formula for Vw follows from (|2.2p and Lemma [31 



(x — y) f 

■ ^ fe (u (x, t)) dx + / V y G (y,x) f e (u(x,t))dx 

n \x — y\ Jn 



and plugging this formula into (|4.6[) we obtain 



(4.6) 



(4.7) 



d t / ippudy - / Aip p udy- 

\Jb 2p (xo) J JB 2p (x„) 

' ' f f e (u(x,t))f e (u(y,t))^^lv^ p (y)dxdy- 



2?r 



n Jn 



n Jn 



fe (u (x, t)) f e (u {y, t)) V y G (y, x) Vtpp (y) dxdy 



(4.8) 



= 

The the third one in (|4.8p can be estimated using the symmetrization argument introduced in 
[5]. Notice that: 



{x - y) 
\x - y\ 2 



[V^ p (y) - V^jp (x)[ 



< 



C 



Then: 



1 

2 



U (u (x, t)) U (u (y, t)) f—^l V^ p (y) dxdy 

\x - y\ 

fe (« (a, *)) /e (« (V, *)) ^4 ' [W, (») " V ^P («)] dxd V < ^ 



nJn \x — y\ 

On the other hand, the linear term due to the laplacian can be estimated as 

C 



B 2p (xo) 



Aippiidy 



< 



and P~T1) yields: 



Combining 



n Jn 



fe (u (x, t)) f £ (u (y, t)) V y G (y, x) V^ P {y) dxdy 



< 



C 



(4.9) 



(4.10) 



(4.11) 



(|4.1ip we obtain (|4.4p . If u solves (|2.4|) . (|2.5|l a similar computation yields: 



(4.12) 



1 

27 



tppudy I — / Aippiidy — e f Aip p u 6 dy+ 
) Jn Jn 

u (x, i) u (3/, i) -2 V-0 P (y) dxdy- 

F ~ 2/1 

u (x, t) u (y, i) V a G (y, x) VV> P (y) dxdy 



= . 

The last two terms on the left-hand side of (|4.12j) can be estimated as in the previous case. The 
main difference is in the nonlinear term in the laplacian that can be estimated using (cf. (12.61) ): 



Atp p uedy > 5- 



P JB p (xo) 



u s dy 



(4.13) 



whence (14.51) and therefore Proposition [B] follows. 



4.2 Boundary estimates. 

We now derive the local mass growth estimate if the point xq is near the boundary. To this end we 
need to construct an auxiliary test function that will play a role analogous to the function ip p in 
Proposition [6l This will be made in the following lemma: 

Lemma 7 Let <jq, v (x) , d(x) be as in Lemma\I\ There exists po < ctq small enough, A > 1, 
C > depending only on f2 such that, for any p £ (0, po) and any xq £ Cl with dist (xo, dQ) < 2p 
there exists a function tp p £ C 1,1 (f2) with the following properties: 



A^ p 



-— in B p (x )nQ 



Aipp > in 



Ba p (x ) \ Bp (x ) 



n n 



d v ip p = in B\ p (xo) fl90 , tp p = in fi \ B\ p (x ) 
"0p > 2 * n ( Xo ) ^ ^ ' < Vv — 1 * n ^Ap (xq) n 



/ 9|V^ p |+p 2 |VVp| + 



p 2 |^(x) ■ VVy (x)| 
d(x) 



<C in B Ap (x ) n 
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Proof. The main idea is that for po sufficiently small the problem can be treated as a pertur- 
bation of the problem in the half-plane. We introduce a rescaled system of coordinates: 

X ~ Pg (x ) X - Pg (x ) 
A — , A = 



where the operator Pg (xq) is defined as in p.30|) . Notice that the assumption dist (xo,dft) < 2p 
implies \Xq\ < 2. Rotating the coordinate system we can assume that the normal vector v (Pg (xq)) 
is (0, —1) . We construct VP (X) in the half-plane solving the problem: 



A X *(X) = -1 , XeB 1 (X )D{X = (X 1 ,X 2 ):X 2 >0} 
d Vo $(X) = , Xed[B 1 (X )n{X=(X 1 ,X 2 ):X 2 >0}] 



(4.14) 
(4.15) 



where vq = (0,-1). This problem can be solved using the reflection method. We can obtain a 
family of solutions for it in the form: 



= A + m{X) 



\og(\X -Y\)dY 



(4.16) 



B 1 (X )uB 1 (X +2u ) 



where A is an arbitrary constant to be precised. Notice that ^ (X) is bounded in \X\ < 1 and it 
satisfies: 



*(X) + -log(\X\ 



V X V(X) + 



X 



2tt Ijpi 



< 



< 



C 



\x, 
c 
\x\ 



2 for \X\ = X 
for 1X1 = A 



(4.17) 
(4.18) 



with Ao sufficiently large and C independent on Ao and where m = \B\ (Xq) U B\ (Xq + 2vq)\. 
Notice that m is bounded above and below by constants independent on Xq. In the derivation of 
(|4.17p . (|4.18|) we have used the fact that f Bl rx a )uB 1 IX +2u ) YdY = 0. We then define: 



d>(X) 



and choose A in f|4. 1 6[) as: 



47tA 
A = 



(A + 1-|X| 



for IXI > A 



m m 
4^ + 2^ 10g(Ao) 



It then follows from (|4TT6| - (l4T8)) that 

C 



< 



^(X) - $(X) 

A X $(X) > 



A 2 , 



V*tf (X) - Vx$ (X) 
for A < \X\ < Xq + 1 



<-J for |X|=A 

An 



47tA 

*(X) > 1 for |X| < 1 
if Ao is sufficiently large. Let us consider an function W € C 2 (R 2 \ B\ (0)) and satisfying: 



W (X) = V (X) - $ (X) , V X W(X) = Vx^(X) - V X $(I) for |X| = A , 

C 

a! 



W(X) = for |X|>A + 1 , \A X W(X)\< 



Then, the function 1- g C 1 ' 1 ({X 2 > 0}) defined as: 



* (X) = * (X) for |X| < A 

W (X) = $ (X) + W (X) for |X|>A 
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satisfies (|4.14[) . (14.15)) as well as: 



Ax* (X) > — — for Ac < \X\ < A + 1, |X| ^ A 
*(X) =0 for |X| > A + l 



(4.19) 



if Ao is sufficiently large. 

The function VP would provide a solution of the desired problem for planar <9S1. In order to take 
into account curvature effects we study the family of problems: 



= (X) in 



fi - Pa (x ) 



n b Xo+2 (o) 



= in 



* = in 



d 



n-P d (x ) 



nB Xo+2 (o) 



n-P d (x ) 



n e£Ao+a (o) 



Classical continuous dependence results on the domain show that | * — * | can be made arbi- 
trarily small for p < po small. We now construct W satisfying: 



W = 



V -P a (cc ) 



ndB Xo+2 (0) , d u W = in 



n-p d (x Q ) 



n 5 Ao+2 (o) 



and 



d v W = d v y in 



- Pa (go) 
P 



nas Ao+2 (o) , # = in 



n - Pa (go) 

p 



n Sa (0) 



as well as 



AW 



small in ( — p, ^ xo ^ n B\ 0+2 (0) , something that it is possible for p < po small. 
Then the function f c = ^ — W satisfies: 

'n-p a {x y 



Ax* c = -1 in 



P 



nBi (0) , Ax* c > in 



O - P a (x ) 



\Bx (0) 



d, y * c = in 



5 



ft - Pa (x ) 



M ^O-Pa(xo) 



p 



t c (Jf) = for pf| > A + 2 



The function t/> p (a;) = * c 
P < Po- ■ 



z--Pq(zq) 
P 



then satisfies all the properties required in Lemma [7] for 



Proposition 8 Suppose that u solves one of the problems S2.1\) . 12. 2\) or \2.J$ , H2.5\) . Let us fix 

< p < po with po as in Lemma^ and let us assume that dist {xo, dCl) < 4p. Then: 



d t / ij)pU 



< -it , < t < oo 
P 2 



if u solves nn\) , [2~!fy . and: 



n 



U® , < t < OO 



>Oo) 



(4.20) 



(4.21) 



i/ u solves j2.4\ ), 12. 5\) . The constant n depends only on \\uo\\ L i^, but it is independent on e and 
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Proof. Arguing as in the derivation of (|4.8|l . (I4.12[) and using Lemmas [5] and [3] we obtain: 



i, i J tfjpiidx 
1 



Atp p udx+ 



(4.22) 



, , fe(u(x,t))f s (u(y,t))-^- — ^Vip p {x)dxdy- 
m JnJn \x — y\ 

+ ^zf I U{u(x,t)) f e (u(y,t)) — T f V 2 Vip p {x) dxdy- 



2tt 



\x-r{y)Y 



fe {u (x, t)) f e (u (y, t)) V X K (y, x) VV> P (x) dxdy 



= 



where tp p is now chosen as in Lemma [7J Using this lemma we can estimate all the terms in (|4.22|) 
as in the proof of Proposition [6] except the fourth term in (|4.22[) . We estimate first the contribution 
to this term of the region where \x — t (y)| > p using Lemma [7] as well as the mass conservation 
property (|2.6[) : 



/ 



fe (u (x, t)) f £ {u (y, t)) T ^ ) 2 V^p (x) dxdy 
(y)\>p} \x-T[y)\ 



< S (4-23) 
P 



In order to estimate the contribution of the region where \x — t (y)| < p we use the fact that for 
po sufficiently small 



^[\x-T(x)\ + \y-T(y)\]<d{x)+d(y)<3\x-r(y)\. 



Symmetrizing (|4.23[) we obtain: 



U (u (x, *)) U (« (y, *)) , (x v# V^ p (x) 

\x-T{y)\ 
_ f e (u(x,t))f e (u(y,t)) 



2\x-r{y)\' 



[{x - r (y)) Vip p (x) + (y-T (x)) V^ p (y)] 



Notice that: 



(4.24) 



(4.25) 



[(a; - t (y)) V^ p (x) + (y - r (x)) V^ p (y)} 

= (x-t (x)) V^ p (a?) + (y - t (y)) (y) + (r (a?) - r (y)) [V^ p (x) - V^ p (y)] 
Lemma as well as the fact that \t (x) — r (y)| < 2 |x — y| < 3 |x — r (y)| yields: 

|(r(x)-T(y))[W P (x)-V^ (y)]| < ^k-r(y)| 2 



On the other hand, using Lemma [7] we obtain: 



C 



Combining (|L23]) with (j4~25l) - (|4~28l) we obtain: 

(x-r(y)) 



fe (U (X, t)) f e {u (y, t)) —2 v y p 

nxn \x — T(y)\ 



Vt/> p (x) dxdy 



< 



C 



(4.26) 



(4.27) 



\{x-t{x)) W p (x)\ + \(y-r (y)) V^ p (y)| < Qx - r (x)| d (x) + |y - r (y)| d (y)) (4.28) 



This concludes the proof of (|4.20|) . The proof of (|4.21[) is similar. 
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5 An entropy estimate. 

Entropy estimates for the study of Keller-Segel models were introduced in 3 and they have been 
extensively used for the analysis of chemotaxis models. We will use the following estimate for the 
solutions of the second regularization considered above (|2.4[) . (|2.5[) . 



Lemma 9 Let us assume that (u, v) solves ^-4\ )> i2.5\) with bounded initial data u (x, 0) = «o (x) 
and e > 0. Then, for any a > there exists C depending only on a,uo,£l such that: 



e 1+a / uidx <C , < t < oo 
Jo 



(5.1) 



Proof. We use the following entropy formula that can be easily checked integrating by parts 
for the solutions of (|2~4"1) . (1231) : 



u (log (u) — 1) + 6eu 6 



dx 



(log (u) + 7eu -Vn 



dx < 



Then, since u log u > C : 



: / dx <C+ - I \Yc\- dr 



where C depends only on uq and tt. 

Classical regularity theory for the Poisson equation yields: 

I f \Vv\ 2 dx <C[ f u p dx 
for any p > 1, with C depending only on p and f2. Then: 

! ; 'Vv\ 2 dx<c( I u p dxY <C( / u^dx 



2 Jo \Jo / \Jo 

for any q > 1. Choosing 1 < p < | and q = 7 _ L 6p we obtain: 



udx 



e I u 6 dx < C I / w 6 dx 
I o V Jo 



uodx 



n 



'o 



where p > 1 can be chosen arbitrarily close to one. Young's inequality then implies: 

e 1+a f uidx<C 

where C depends on a, uq and Q. ■ 



6 L estimates. 

We now prove some estimates ensuring that the solutions of (|2.1[) . (|2.2I) or (|2.4p . (|2.5[) are smooth 
in regions where the amount of mass of u is small. 
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6.1 Interior estimates: First regularization. 



We consider first the regularization of Keller-Segel system in (12.11) , (|2.2 



Proposition 10 Given M > 0, k > there exist tuq > 0, independent of M, k, e and positive 
constants Ci, i = 1,2 depending on M, k but independent of e, such that for each < p < 1 and 
any solution (u, v) of 



d t u — Au + V (f £ (u) Vv) = in (x, t) 6 B 4p (0) x (t-c lP 2 ,t) 

—Av — f s (u) — h (t) in (x, t) € B 4p {0) x (i-c lP 2 ,t) 



satisfying: 



R 2 V 2 P 



u (x, t) dx ] > J- 



t e (t- cip 2 ,t) 



S 4p (0) 



. (a;, t) dx < tuq 



sup |K-,t)|| L6(B (0)) <M 



< /i (t) < M 



(6.1) 
(6.2) 



(6.3) 

(6.4) 
(6.5) 

(6.6) 



with (p as in j4-l\ ). 

Then, the following inequality holds: 

sup 



se[t-c lP 2 ,t] Jb„(o) 



C2 



u (x, s) dx < — 



An essential ingredient in the proof of Proposition [TU] is the following lemma that has been 
obtained before in slightly different forms, but that we prove here by the reader's convenience. 

Lemma 11 For any 6 > there exists C > independent on S such that for any u e W^ ' c (R 2 ), 
any compactly supported function ij £ C°° (R 2 ) there holds: 

9(1 + 5) 



u 3 rfdx < 



16tt 









J \Vu\ 2 rfdx 




I udx 






./supp(r;) 



udx 



supp(?7) 



dx 



ipp(jj) 



Proof. We apply the following classical Sobolev estimate in the critical case 

2 



J w 2 dx < ^- (^J \Vw\ dx^j , w e W 1 ' 1 (R 2 ) 



to the particular function w — u 2 rf . Then: 



u 3 7 f dx < 9 ( X 1 2, 

' ~ 16tt 



\Vu\ 2 rfdx 



udx 



supp(?7) 



+ 



G 



u 2 rj 2 |V?y| dx 



Applying Holder and Young's inequalities: 

-I 2 



u 2 t] 2 \ Vr/\ dx 
and the result follows. ■ 



<S 2 f u^rfdx+^-WVriWl^ ( f udx) ( f dx 

J ' \Jsupp(77) / WSUpp(77) 



'supp(r)) 
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Proof of Proposition ITUl Let rj = r)(x) be a cutoff function satisfying rj(x) = 1 for |x| < 
p, T](x) — for |x| > 2p, rj £ C°°, decreasing on |x| and satisfying p |Vry| + p 2 | V 2 7y| < C. Let 
us denote to = t — 2c\p 2 1 where c\ will be precised later. Multiplying (|6.ip by the test function 
urf (t — to)' 3 with f3 > 2 we obtain, after integrating by parts: 



-?7 6 (t - t f da; 



J \Vu\ 2 if (t - t f dx+^ J u 2 rf (t ~ t Q f 1 dx - 6 / uVurfVr) (t - t Q f dx+ 



dt 



+ J f e (u) VuVvr) (t - < ) dx + 6 J uf e (u) VvrfVri (t - tor dx 

We integrate by parts again to bring the eliminate the derivatives of u in the fourth term on 
the right. Then, if we define F e (u) = f Q f e (s) ds and use (|6.2j) we obtain: 



dtlj y?/ 6 (t-t fdx 



\Vu\ 2 rf (t - t Q ) p dx+^- I u 2 rf (t - t ) p 1 dx - 6 / uVu^Vrj (t - t ) p dx+ 



13-1 



+ J F £ (u) [f E (u) - h (*)] rf (t - t f dx + 6 J [ufe («) - F £ (u)} r) b VvVr) (t - t ) p dx 
Eliminating the derivatives of v in the last integral we arrive at: 

,2 



dt (| (t-tofdx 
= - J \Vu\ 2 if (t - t f dx+^ J u 2 rf (t ~ tof- 1 dx - 6 J uVurfWr) (t - t f dx+ 
+ f F £ («) fe (u) r? 6 (f - t )" dx-6 / V [u/ e (u) - F £ («)] r^Vr? (t - to)' 3 di- 



(6.7) 



- 30 / [uf e (u) - F e (u)] rfv (Vr?) 2 (t - t f dx - F e (u) h (t) rf (t - t Q ) p dx 



- 6 / [uf e (u) - F e («)] ry 5 «A7j (t - t f dx 
The last two terms can be estimated easily: 

C 



[ufe (u) - F £ {u)\ rfv (Vry) z (t - t ) p dx 



< 



u 6 rf (t - t ) P dx 



v 3 (f - t r dx ) < 
(6.8) 



< S I u 3 rf (t - t ) p dx + 



C 



v 3 (t - t f dx 



[ufe (u) - F £ (u)] tj 5 vA v (t - t f dx 



< 



c 



u 6 rf (t-t a ) p dx 



ipp(?j) 



v 3 rf (t - t f dx 



(6.9) 



< 5 / (t - t ) p + 



C 

T^ 2 



(t - t ) p dx 
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On the other hand, using that \f' e \ < 1, \F £ \ = < \u\ we obtain: 



V [u/ e (tt) - F e («)] »j 8 t>Vrj (t - t f dx 



< 



C 



u 6 rf (t - t f dx 



|Vu|V (t-tofdx 



< S I ttV (t - t ) P dx + S I |Vu| 2 ?7 6 (t - t ) p dx + 



C 



(l + \v\f(t-t fdx 



(l + \v\f (t-tofdx 



(6.10) 



We also have, using \F S (u)\ < \ and Holder's inequality 



V (t-tof dx 



< 5 / u 6 rf(t-t ) p dx + 



F e (tt) h (t) rf (t - t f dx 



(6.11) 



C(t-t ) 



0-2 



urfdx 



where C > depends only on M. 

The most delicate term is the fourth one on the right-hand side of (|6.7p . This term can be 
estimated using Lemma [Til as: 



F £ (u)f £ (u)r, 6 (t-tofdx 



< 



9(1 + S) 
32tt 

C(t-t f 
S 5 



|Vu| 2 77 6 (t-tofdx 



udx 



supp(?7) 



(6.12) 



IIVtjH 



udx 



ipp(?j) 



dx 



3UPP(»?) 



Combining ()6.7|) - ()6.12j) we obtain: 



dt 



-V 6 (t-tofdx 



(6.13) 



< - (1 - 5) J |Vti| 2 1] 6 (t - t f dx + 
C(t-tof 



S 5 p e 



udx 



ipp(?)) 



32tt 



|Vu|V (t-tofdx 



udx 



supp()j) 



ipp(n) 



C 
T^ 2 



C 
p 6 <5 5 



,1. , , , , C — t f 



(1 + \v\f (t - t f dx + 



udx 



v 3 (t - to) 



ipp(n) 



where we have estimated all the terms 5 J u z rf (t — to) dx on the right-hand side of (16.8[) - (|6.1ip 
using Lemma [TT1 The values of 5 and C have been then changed. 

Let us write m = §y. Using assumptions (|6.3p . (|6.4p as well as the definition of it follows 
that, if ci is chosen sufficiently small (although independent on p), we have: 



/ u (x , t) dx < 3mo for t 6 (t — 2c\p 2 , t) 

JBoJO) 



'-Bap(O) 

Then, if <5 is small enough, it follows from (|6.5p . f|6 . 13|) that: 



c(t-t y 



<5 5 p 6 



-m p 



c (*-*or^3 



p 6 S 5 ^ 



81 Cm (t - to) 



(9-2 
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and assuming that po is small enough and M is of order one, without loss of generality, we obtain: 



-rf (t - t f dx < 



Kjt-tpf Cm (t-t f- 2 
p & 5 5 S 



where K depends on M. Integrating this formula, with j3 = 2 in the interval t £ (to,t) , and using 
that to — i — 2cip 2 it follows that: 



(u (x, s)) 2 rfdx < K 



(t-t ) , 1 1 



pH* 5$ -to) 



< 



K 



, s € [t - cip ,t\ 



and since <5 is of order one (although small) the result follows just changing ^ by C\. 



6.2 Interior estimates: Second regularization. 



We now derive interior estimates for the regularization in (12.4[) . f|2 . 5[) . 

Proposition 12 Given M > 1, k > mere exis£ mo > independent of M, k, e, and positive 
constants Ci, i = 1, 2, £o > 0, po > depending on M, k &wi independent of s, such that for each 
0<p<Po, 0<e<£o and any solution (u, v) of 



satisfying: 



d t u - A (u + eu^ + V (uVv) = m (x, i) € B 4p (0) x (t - ap 2 , t) 
Av = u—h(t) in (x, t) e B 4p (0) x (t - cip 2 , t) 



< h \ I <P ( rr I u(x,t)dx ) > --^ - ^ [ u^{x,t)dx , t e (t - ap 2 , t) 
In \2pJ J P P Jb p (o) 



u (x, t) dx < mo 



sup 

te[t-2cip 2 ,t] 



S4p(0) 

u s (x, t) dx 



Bp(0) 



SUp ||«(-,t)|| £ 6(fl lp (0)) 



< M 

< M 

< h (t) < M 



with if as in |^.-/| ). 

Then, the following inequality holds: 



7 ^2 

sup / u 5 {x, s) dx < — 

se[i~c lP 2 ,i\J B p {0) P 



(6.14) 
(6.15) 

(6.16) 
(6.17) 

(6.18) 
(6.19) 
(6.20) 



3.21) 



Proof. Let us assume that r\ is the same cutoff function used in the proof of Proposition [TOl 
Arguing as there we obtain the inequality (|6.13j) for any to s [t— 2c\p 2 ,t\ . We can estimate the 
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terms in (I6.13[) containing v as in the proof of Proposition [TUT This gives: 



-1 + 5- 



9 (1 + 5) 
32tt 



udx 



supp(?)) 

K(t-t f | C(t~t Q f ' 
C(t-t f- 2 

/supp(?7) 



|Vu|V (t-t ) p dx+ 

\ 3 / \ 



udx 



ipp(?7) 



>pp(v) 



{ udx- 1 -^ I rf (t- t f ui (Vm) 2 dx (6.22) 



6e 



rf {t-tafuVrfJ (u^ 



dx 



with K depending only on M. The last two terms are due to the regularizing term e A [u e J . The 
term — ^ f V e (t ~ ^o)^ (V - ") 2 ^ is nonpositive and therefore it can be estimated above by zero. 
It remains to estimate the additional term — 6e J rf (t — to)' 3 uVrjV dx. To this end we use the 
estimate: 



< 



rf (t - t f uVrfJ (u%) dx 
Using now Lemma QJ] we obtain: 

rf (t - t f uVrjV (u^) dx 



c(t-t y 



idx 



ipp(jj) 



rfu z dx 



rf |Vu| dx 







3" 


1 + 


/ udx 






_Jsupp(n) 





Using this estimate in (|6.22|) we arrive at: 



dt (| ^rf(t-t fd^j < 



-1 + 25 



9 {1 + 5) 
16?r 



/ udx [ |Vu| 2 rf (t-tof dx+ (6.23) 

-/suppfr?) J 



K (t-t f , C(t-t ) 



supp(?7) 





p 6 5 5 5 5 p 6 
5 / 1 



udx 



supp(r)) 



dx 



with K depending only on M and C just a numerical constant. 
For any i, let us define t* as: 

t* = inf < i e [t — 2ci/9 2 , i] : sup / u (x, s) dx < 3mo > 

{ ' s£[t,i\JB 2p (0) J 

with mo = |y. 

Our goal is to show that t* = i — 2c\p 2 if c\ is sufficiently small (with c\ independent on s, p). 

First we notice that the assumptions of PropositionlT2"limplv t* < mm 2( m J"+2M) ' ^cip 2 j- . 

Indeed, this is an easy consequence of the fact that the definition of ip combined with (|6.16p - (|6.18p 
imply: 

2M\ (t-t) 



B 2p (0) 



u (x, t) dx < 2mo + 2 k 



(6.24) 
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and the left hand side of (I6.24j) is smaller than 3toq for any t satisfying (t — t) < 



map 



21 K+ 



Let us suppose that t* > t — cip 2 . Then, (|6.23l) implies that, if 5 = \, for t = t* and t G [t*,t\ : 



dt 



-rj 6 {t-t*f dx) < K 



(t-t*y 



+ (*-**) 



/3-2 



where K whose value can change, depends only on M. Assuming that (3 = 2, and integrating in 
[t* , f] we obtain: 



B P (0) 



w 2 (x, t)dx < K 



(t-t*) 1 



This estimate yields: 

7 

it B (x, t) dx < 

B„{0) 



B p (0) 



u 2 (x, t) dx 



6 




6 




/ u (x, t) dx 


< K 




Jb„(0) 





t e [t*,t\ 



(t-ty 



3.25) 



1 



P (t-t*) 6 



with K depending only on M, Using (|6.16j) : 



(t-t*) 6 



i 



p {t-t*) 

Integrating this formula between t and t and using that t > t* we obtain: 

- / u(x,t)dx<m + ^(t-t*) + — (t-t*) B + — (t-t*)' 
2 Jb 2p (o) P P a P 

Suppose first that e < p% . Then, since {t — t*) < p 2 we obtain: 



Kc 6 £ Kc G £ 

u (x, t) dx < too + 2kci H 1 ! j— < too + 2kci + K 

B 2p (o) p* 



Then: 



»(0) 



it (x, t) dx < 2m + Anci + 2K 



Choosing c\ small enough we obtain 4kci + 2K 



* e [**,*] 

< Too- This contradicts the definition 



of t* unless t* = t — 2c\p 2 . Using (|6.25|) with t = t it then follows that: 

sup / «»(*,.)*:< ^ if s < p# 
se[t-cip 2 ,t] Js p (o) P 

Suppose now that e > pi . Then (|6.18l) implies: 

/" 1 I \ J / C2 / C 2 ■£ ^ ^ 

sup / m 6 (x, s) dx < — < — if £ > ps 

se[i-c lP 2 ,i\ ifl p (0) e 5 P 



(6.26) 



3.27) 



6.3 Boundary estimates. 

Estimates analogous to Propositions ITUI [T2l can be obtained near the boundary points. The proof 
is similar, with the only difference of using test functions (p and rj with homogeneous boundary 
conditions at dfl. We formulate the results by completeness, but the details of the proofs will be 
omitted. 



In the case of the first regularization we have: 
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Proposition 13 Let A be as in Lemma^ Given M > 0, K > there exist mo > 0, independent 
of M, K, e and positive constants Ci, i — 1,2 depending on M, k but independent of e, such that 
for each < p < 1, any xq G £1 urai/i d (xo) < 4p and any solution (u, w)o/ 

<9 t u - Aw + V (/ e (u) Vu) = m (x, t) G [£? Ap (x ) H fi] x (i - Cl p 2 , i) 

-Av = / E (u) - ft (i) in (x, i) G [B Ap (x ) nl!]x (t- dp 2 , t) 



satisfying: 



d t (j^ p {x)u{x,t)dx\>-^ , te(t-ap 2 ,t) 
I u (x, t) dx < mo 

i[B Ap (io)nf!] 
SUp \\ V (;t)\\ Le{[B {xo)nn]) <M 

te(t—c 1 p 2 ,t) 



< ft (t) < M 



with ip p as in Lemma^ 

Then, the following inequality holds: 



sup / u 2 (x, s) dx < 

se[i-c lP 2 ,i] JB p (x ) 



In the case of the second regularization we have: 



Proposition 14 Lei A be as in Lemma^ Given M > 1, k > tftere exist mo > independent of 
M, k, e, and positive constants Ci, i = 1,2, eo > 0, po > depending on M, n but independent of 
e, such that for each < p < po, < e < Sq, any x$ G H iirctft d(xo) < and any solution (u,v) 
of 

d t u - A (u + eui\ + V (uVv) = m (x, t) G [5 Ap (x ) n 0] x (i - cip 2 , i) 

— Av = u — h{t) in (x,t) e [B Ap (x ) nil] x (t - cip 2 ,t) 

satisfying: 



d t [ I 4> p (x) u (x, t) dx ) > - - ^| 

P P JB p (x ) 



(x, t) dx < mo 



tie (x,t)dx , * G (i — Cip 2 ,t) 



sup 

te[i-2c lP 2 ,i\ 



e 2 



[B Ap (x )nfi] 

7 

m s (x, i) dx 



SUp lb(-,t)|| i 6([ B ( Xo)nn] ) 



< M 

< M 

< ft (i) < M 



wii/i i/jp as m Lemma [?| 

Then, the following inequality holds: 

sup 



.se[i-cip 2 ,t] J B„(x ) 



C-2 



u 6 (x, s) dx < —7 



(6.28) 
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7 The limit e — > : Measured valued solutions. 



The regularity results above allow to obtain convergence of the solutions of the problems (|2.1[ 
and (|2.4[) , (12.51) to some measures fi whose " singular set" is a finite set of points for each time t 
We will denote in the following as M + (fi x R + ) the space of positive Radon measures in fi x E 
We will also denote as N the number: 



N 



4:J Q u dx 



(7.1) 



where [x] denotes the integer part of x > and too is as in Proposition [TO] 
We begin considering the limit of the solutions of (|2.1j) . (|2.2|) : 



Proposition 15 Suppose that u £ is the solution of H2.1\) , 12. 2\) with initial value u £ (x, 0) = uq (x) , x £ 

fi and e > 0. Then, there exist Radon measures fi, fi~ G M + (fi x ]R + ) and a subsequence {£k}'f° = i 
such that: 

u Eh — v /i , f Sh (u Eh ) fi~ as k — » oo 
/x" < /x 

m i/ie *—weak topology. Moreover, the measures fi, fi~ can be written as the product: 

dfi = dfi t dt , d/i~ = dfi^ dt 

with 



fit (fi) = / u (x) dx , fi t < fl t 



(7.2) 



We define the singular set of fi, and denote it as S, as the set of points (xo,to) £ fi x [0, oo) 
where: 



lim inf 

6-»o 



fi{B p (x a ) x [t ,t + S]) 



lim inf 

S-yO 



1 



t +8 



Ht {Bp (x )) dt 



> ~Y f or any p> (7.3) 



with too as in {6.$ . Then we can write: 

[i = p, + u 



(7.4) 



where ft, pr £ M+ (fi x R+) are supported in the set S and u £ C°° (fi x E+ \ 5) n i 1 (fi x [0, T)) 
/or any T < oo. Moreover, for a.e. to G [0, oo) the set St = S D {(x, t) : t = to} contains at most N 
points and the measures fit, fij can be represented as: 



fi t = ^2 otj(t)8 x .(t)+u{-,t)dx , a.e. t £ [0, oo) 

xj(t)es t 

ih = ^2 Pj + u(-,t) dx , a.e. ie[0,oo) 

xj(t)es t 

with ctj (t) > 0, ay (t) > 13J (t) , u(-,t) £ L 1 (fi) , J fi u (x, t) dx < J n u Q (x) dx. 



(7.5) 
(7.6) 



Proof. We will just make the arguments for points at the interior of fi, since in the case of 
boundary points the arguments are similar. We define the family of measures fi £ £ M + (fi x M + ) 
by means of: 



fi £ (B) — u e (x, t) dxdt 
J B 
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for any Borel set B c £1 x [0,oo) . Taking a subsequence we have fi £k — /i as fc — > oo. Using the 
mass conservation property for (|2.4j) . (j2.5[) we then have: 

< |K|| il( n) / \\<p{;t)\\L°°(n) dt • ( 7 - 7 ) 
nxA J A 

For any <^ € Co (f2 x R+J we define a signed measure uj v £ M (R + ) by means of: 

u v (A) = I I tp(x,t)dp . (7.8) 



Notice that ()7.7|) implies: 

< ||iio||ii(n) IMIi/=°(nxE+) / dt ■ ( 7 - 9 ) 



A 



Similar estimates hold for uj~. Therefore the measure \u) v \ = w+ + u~ is absolutely con- 
tinuous with respect to the Lebesgue measure in [0, oo). It then follows from the Radon- Nikodym 
theorem that: 



u v (A) = / g v dt (7.10) 

J A 

for some g v e L 1 (R+) . Moreover, due to {H} we have 

lb<p|li~( m +) < ll u o|| L i(o) IMIi°°(nxR+) ( 7 - u ) 

Notice that: 

ffai^i+a 2 V2 = a l9<Pl + a 25ip 2 (7-12) 

for any ot\, a.^ € R and V?2 & d (fi x M+) . 

Let us consider a countable dense linear space S C C (f2) . For any V> € S, T > we define 
tp T = ip( (t - T) , T > 0, with C G C°° (R) , C (*) =Ue (-oo, 0] , C (*) = for i G [1, oo) • We 
define also: 

£t,r [V>] = SVt ( f ) ) 

for a set W C [0,oo) whose complement has zero measure. 

Due to (|7.11|) . (|7.12j) it follows that for each t G U, L t .r is a continuous linear functional on S 
that can be extended by density to a continuous linear functional in C (fi) . On the other hand, we 
have: 

Lt, Tl M = it,r a M , * G [0,Ti] nW, T x < T 2 

due to (|7.8|) . (|7.10|) . We will denote L t [tp] = limT-s-oo £t,T [V'] • This defines a family of continuous 
linear functionals L t for a.e. t E [0, oo) . Therefore, Riesz-Markov Theorem implies that there exists 
a family of signed measures fa G M (OJ defined a.e. t £ [0, oo) such that: 



L t [tp] = / ipdfa , ^6C(ft) , a.e. t g [0, oo) 
Jn 

\M < ||«o|| L i(n) . a - e - 1 e [°>°°) 

We now remark that for any e > 0, to € [0, oo) and any smooth cutoff function r\ such that 
7] (i) = 1, t G [to — £) *o + e] i »7 (*) = 0, |t — to | > 2e and any -0 g C (0) we have: 



flW (*) = 9 VT (*) = M = / V^Mt i t e [t - e,t + e]nU 

Jn 

for T sufficiently large. This is just a consequence of (|7.8I) . (|7. 10|) . A density argument then yields: 
_(p(x,t)dp,= / ip (x,t) dfi t dt , ip e C (O x R + ) 

[0,oo) Jf2 [0,oo) JCt 
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or shortly dp — dp t dt. 

Moreover, assuming that ip = ip (t) and using 

<p (t) / uq (%) dxdt = I f(t) u£k ( x i t) dxdt 

JQ J!2x[0,oo) 

ip (t) dp £k -> / & (fi) <p (t) dt 

nx[o,oo) "'[0,00) 

it follows that /xt (O) = J «o (a;) (ice, a.e. t £ [0, 00) . 

We now define the singular set by means of ()7.3[) and decompose p as in (|7.4p with = pxs, 
with denoting the characteristic function of S. We now show that u = p — v is a smooth function. 
To this end, notice that by definition of S we have, for any (aiQ,io) £ [f2 \ <S] x [0,oo) there exists 
p = p {xo,to) such that: 

1 f to+s UlQ 

lim inf - / p t (B 4p (x )) dt < — 
*->° J t a 2 

Then, there exists a sequence S n — > such that: 

1 f to+S " / T~i / w i 3m 
t- / A*t (B ip (x )) dt < — — 

°n J t 4 
and the weak convergence u Ek — 1 p yields: 



1 



to+S„ 

u Ek (x, t) dxdt < mo 

B 4p (x ) 



for k sufficiently large. Therefore, there exists a sequence t n ^ £ [to, to + 6 n ] such that: 

u ek (x, t n .k) dx < too (7-13) 

B4 p (x ) 

for k sufficiently large. We can now apply Proposition ITUl to the functions u £k for large k. Indeed, 
notice that (|6 . 3(1 holds due to (|4.4j) in Proposition [6] and, on the other hand, ||i> e ||£6(n) < C / u o 
due to classical regularity theory for the Poisson equation, whence (|6.5|) also holds. Finally (|7. 13|) 
implies (|6.4p . Proposition [TOl then yields: 

sup / (u Ek ) 2 (x,t)dx < 

s£[t n , k -cip 2 ,t„ ]k ]JB p {x ) P 

and since 8 n can be assumed to be arbitrarily close to we have: 

sup / (u €k f (x,t)dx < 
, 6 [ to -£^, t0 ]^(*o) P 

2 

Notice that the order of the limits is, first we fix p, then we choose n to have S n < and 
then k large. 

Classical regularity results for parabolic equations (cf. [T]) then imply that 

as well as uniform estimates for the derivatives of u Ek in the 



(Be (x ) 



to — i r 



same set. Then, u £ C°° ([fl \ S] x R+) . Moreover, using the estimate J nx [ r i u < T f Q uo for any 
T > 0, and the positivity of u, we obtain u £ L 1 ((CI x K + )) for any T < 00. 

We now prove that for a.e. to £ [0, 00) the set St contains at most N points. Suppose that St 
contains at least (N + 1) points x%, xn+i- Let us choose p < 5 min^j {la;, — Xj\} . Due to the 
definition of the singular set there exists S (depending on p) such that: 

- 5 P (Bp ( Xi ) x [t , ^ + 5 \) = \J t " + Pt (B P (x^) dt>^ (7.14) 



24 



fori= 1,...,(JV + 1). 

Since the balls {i3 p (xi)}^ 1 are disjoint, we have 

1 W+1 1 



i=l 



'jV+1 

U b p fo) 



x [to, *o + 5] < 



< -//(O x [i ,t + £]) = t 



to+S 



/i t (fi) dt = uodx 
Jn 



due to (|772]) . 

Using (fTT|) . (|7H1) it then follows that: 



that yields a contradiction. Then 5t contains at most iV points for a.e. to g [0, oo) . 

Since a measure concentrated in a finite set of points is a sum of Dirac masses it then follows 
that: 

HtXs t „ = J! a j(*)^i(t) ' a-e. te[0,oo) 
for at most TV points {x.,- (t)} and positive numbers {aj (t)} . On the other hand, if (xo,to) is not 



in the singular set, we can represent \i in Be. (xq) x 



to- 



> to 



as a smooth function. Then: 



M< (i-XSto) =u(-,t)dx 



and: 



/it = a^- (t) (^(t) + u (-,t) dx , a.e. t€ [0,oo ) 



This gives (|7.5[) and concludes the proof of Proposition [15] 

The convergence of a subsequence {u £k )} to /i~ as well as the properties of this measure 
can be obtained exactly as for the measure fi. The property ff~ < fi is just a consequence of the 
inequalities f e (u e ) < u e . The fact that \i~ can be represented by means of u at the regular points 
is a consequence of the fact that u £ is bounded at the regular set, and therefore f £ (u £ ) — > u, there. 



We now prove a result similar to Proposition [15] for the regularization (|2.4|) , (|2.5[) . 

Proposition 16 Suppose that u e is the solution of \2.1$ , 12. 5\) with initial value u e (x, 0) = uq (x) , x € 

f2 and e > 0. Then, there exist a Radon measure (i G M + (f2 x R + ) and a subsequence {£fc} fc=1 
smc/i that: 

7 , 

7i efc — ^ \i , M £fc + £fc (u Ek ) 6 — x fj, as k — > OO , /i < [1 
in the *—weak topology. Moreover, the measures (i, fi + can be written as the product: 

d/x = d/i t dt , d/i + = dfifdt , /it < A*t 

where the family of Radon measures {/it} t>0 satisfy a.e. t € [0, oo) : 

Ht (fi) = u (x) dx 
./n 

FKe define the singular set of fi, and denote it as S, as the set of points (xo,to) £ O x [0, oo) where: 



lim inf 

5^0 



/LI (Bp (x ) x [t , t + 5]) 



= lim inf 

5->Q 



t +S 



fit (Bp (x ))dt 



> /or any p > (J 
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with mo as in J6'.^| ). Then, we can write: 



(7.15) 



where ft, p+ e M+ (ft x E+) are supported in the set S and u G C°° (SlxM+\S)n L 1 (fl x [0, T)) 
/or anj/ T < oo. Moreover, for a.e. to G [0, oo) £/ie sef St,, = 5 fl {(x, t) : t = to} contains at most N 
points and the measure fj, t can be represented as: 



m= ^2 ^j{t)5 x .( t )+u(-,t)dx , a.e. t€ [0,oo ) 

xj(i)es t 

Mto = X! @t (*)^(t) +«(■>*) dx > a.e. [0,oo ) 



(7.16) 
(7.17) 



iw'tt /3+ (t) > Qij (i) > 0, u (■, t) G i 1 (O) , J a u (x, t) dx < J Q u (x) dx. 



Proof. Arguing as in the proof of Proposition [15] it follows that dfi = dfi t dt as well as p,t (ft) = 
J n Uo (x) dx. We have also that for (xo,fa) G [ft x [0,oo)] \ S there exists p = p(xo,to) > such 
that: 



lim inf 

5—5-0 



to+S 



Ht (B ip (x )) dt 



< 



to 



(7.18) 



Arguing as in the proof of Proposition [TS] we can apply Proposition QJj] to the functions u £k 
for large k. Indeed, notice that (|6.16l) holds due to (|4.5[) in Proposition [6] and, on the other hand, 
||v e || i6 (Q) < C j uo due to classical regularity theory for the Poisson equation, whence (|6.19[) also 
holds. The entropy estimate ()5.1[) implies (|6. 18|) . Finally (|7.18[) implies the existence of a subse- 



quence t n k I to such that f R 

J -D4p \%Q ) 

fact that t n _k i t then yields: 



(x, t Ut k) dx < toq (cf. (|6.17|) ). Proposition IT21 as well as the 



sup 

sG[t -c 1 p 2 ,to] J B p (x) 



[u £ f (y,s)dy < -| 
P 



xo) x 



to 



cip 
2 



Classical regularity results for parabolic equations then imply that u £ G C°° [Bp ( 

r 2 i 

as well as uniform estimates for the derivatives of u e in Bp (x) x to — , to ■ Then, u G 

C°° ([ft x M + ] \ S) (cf. [9]). The uniform estimate J n u < JqUo and the positivity of u imply 
that ii £ L 1 (!i x R+) . We can now prove as in Proposition [15] that for a.e. to G [0, oo) the set St 
contains at most N points. The measures /it have then the structure (|7.16|) . This concludes the 
proof of Proposition [TBI 

7 

Finally we prove the convergence properties of u e + e (u £ ) 6 . To this end we need to obtain an 

7 _ 

estimate for J J s (w e ) s dxdt. This can be obtained as follows. Suppose that (xo,fa) G ft x [0,T] , 
with < T < oo. Either (x , t ) E S or (x , fa) G fl\S. In the second case, there exists p = p (a; , ^o) 
such that it e is bounded by some C = C (xo,fa,p) but independent on s for e < £o (^Oi^cbP) in 
(xq) x [to — 2cp 2 , to] (cf. Proposition[l2|). Then, u is smooth in B p ^ XOtt(l ) (x )x [t — cp 2 , to] 



B- 



2p(x ,t ) 



and we have: 



to-cp 2 J -B p(xo , to) (a:o) 



u £ (x, t) + e (u £ (x, t)) 6 dxdt < C (x , fa, p) 



(7.19) 



with C independent on e. 

Suppose that, on the contrary, (xo,fa) G S. Since the number of points in St is finite, we can 
choose p > 0, such that T> = ( B2 P {xo) \ B p (xo) x {fa}j (1 S — 0. It then follows that for any 

(x, fa) G T> there exists 5 = S (x, fa) such that u £ is uniformly bounded in B^^ s to ) (x) x [to — 2cS 2 , fa] . 
Since V is compact we can cover it with a finite number of sets of the form Bg^ s to j (x,fa) x 
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[to — 2c<5 2 ,io] • Therefore, there exists So = So (xo,to,p) > such that u £ is uniformly bounded in 
T> x [to — So, to] for e < £o (xo, to, p) . We now consider a test function if> p such that Aip p — — -\ for 
\x — xq\ < p and |A-0 p | < C p for p < \x — Xo\ < 2/?, and ip p — for |x — xo| > 2p. 
Using ip p as test function we obtain the following estimate: 



' B 2p (x ) 



u £ (x, t) ijj p (x) dx + 



1 



P JB p (x ) 



u £ (x,t) + e(u e (x,t)y 



dx 



< C p , t e [h - S , to] 



(7.20) 

where the error term on the right is due to the contribution of Aip p (x) [u £ (x, t)} dx, as well as 
the nonlinear terms that can be estimated using the symmetrization argument as in the Proof of 
Proposition [TJJ Notice that we use the smoothness of u £ in T> x [to — So, to] ■ Therefore, integrating 
CESU in [*o-*o,*o]: 



t — S J B p (xo) 



u E (x,t) +e(u E (x,t)) 6 



dxdt < C n 



(7.21) 



Therefore, (|7.19p . (|T.21[) imply the existence for any (xo,to) G x [0,T] of a cylinder B p (xq) X 
[to — $0, to] f° r which (|7.2ip holds. Since Q is compact, we can find a finite covering of it by means 
of some of these cylinders. Then: 



U £ (x,t) + £ (u £ {X,t)) e 



dxdt < C 



with C > independent on e, assuming that e < Bq- 
We then have: 

7 

u £k + Ek (u £k ) 6 /i + as k -> oo . 
The fact that the singular set of p + and p, are the same is a consequence of the fact that for 

7 

every regular point of p we have (u £k ) 6 — > in a neighbourhood of the regular point, as it can 
be seen from the estimate (|6.2ip . ■ 

Remark 17 We have denoted the limit of the sequence u £ as p for both regularizations. Notice, 
however, that there is not any reason to expect both limits to be the same measure. 



7.1 A continuity result for the singular set. 

Lemma 18 Suppose that the measure pt and the set St are as in Proposition \15\ or Proposition 
Let T > 0. For any e > there exists S > such that for any to G [0,T] , St C St + B E (0) 
if t G [to — 5, to] ■ Moreover, suppose that for (xo,to) G S we have Jb r (x )\{x } dfao — with mo 
as in Propositions \1(A \12\ and R > fixed. Then, there exists c > 0, L > depending only on 
Jq dpo (x) and such that St n Br (xq) C ^ £ ^/ | f _ to | (^o) for t G [to — cR 2 , to] ■ 

Proof. It is just a consequence of Propositions [TUl |T2l [131 HU ■ 

We include now some auxiliary results that will be required later. 

7.2 Mass continuity. Characterization of the limit of some quadratic 
terms. 

A basic characteristic of the regularizations of the Keller-Segel system in (|2.1|) - (|2.2|) , (|2.4p - (l2.5l) is 
the fact that the mass in each neighbourhood changes in a continuous way. More precisely, we have 
the following result: 
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Lemma 19 Suppose that < T < oo. Let u e be the solution of \2. l}) - \2.2]) or j2.4\ )- $2.5\) . Given 
(xo,fo) G SI x [0,T] t/iere exists a cutoff function ip (x;xo,to) and p — p(xo,to), r = r(xo,io) 
independent on e satisfying: 



d t[ u £ (y,t)ip(y;x ,to)dy 

\JB 2p (x„) , 

for t G [to — Tj^o] wit/i C (xo,^o) independent on e. 



<C(xo,t a ) (7.22) 



Proof. We just consider interior points, since boundary estimates can be obtained similarly 
using Lemma If (x ,io) G (il x [0,T]) \ S 1 there exists p = p(x ,t ) > 0, r = T(x ,io) such 
that S 2(9 (x ) x [t - T,t ] e (0 x [0,T]) \ S (cf. Propositions [TDJ • We take a cutoff function 
ip (y) such that ip (y) = 1 for |y — xo| < p and ^ (y) = for |y — xo| > 2p. Then, the estimates 
for the linear terms A (it e ) , A (it e + eu e ) are immediate and the nonlinear terms can be estimated 
using the symmetrization argument in the proof of Propositions [TUI 1121 If (xo,io) S S we have 
\B-ip (xo) \ i? p (xo)] x [t n — r, t ] n 5 = if p > and r > are sufficiently small (see Lemma [T8f . 
The result then follows choosing ip (y) with Vip ^ only in [_B 2 p (xo) \ B p (xo)] . ■ 

Lemma [T9l allows to obtain the weak limit of some quadratic terms. 

Lemma 20 Suppose that if is as in Lemma [W\ and that, for suitable subsequences u £k p, with 
p as in Proposition ] 15\ or Provosition 1 1 61 Let (p G C (fl x f2 x R + ) . Then: 

u £k (x,t)u ek (y,t) ip (x,y,t) dxdydt ->• / / hp (x,y,t) dp t (x) dp t (y) dt (7.23) 



Proof. The compactness of 17 x [0, T] implies the existence, for each Sq > of functions 
{4>£,m (y)} satisfying J2e i>t,m iv) = 1 for y G O, and such that: 



dt[ u e {y, t) ipi >m (y) dy 



< C , t G [mS , [m + 1) (5 ] , mS < T 



(7.24) 



whence: 



u e (y, t) ip e>m (y) dy- u e (y, t m ) V^, m (y) dy 



<C\t-t m \ , t G [mSo, (m + 1) Sq] (7.25) 



Combining Propositions [TBI and mil and (|7.24[) we obtain the existence of t m G [mSo, (m + 1) <5o] 
for any to = 0, 1, ... such that: 



(7.26) 



u £ (y, t m ) ip it7n (y) dy -> / ^ >TO (j/) dp t „ 
We rewrite the left-hand side of (I7.23|) as: 

r t 

'oj / .((m+l)<5 )AT 



r r r L UJ fUmtijoojAJ /■ /■ 

/ / / u e (x,t) u 6 (y,t) tp (x,y,t) dxdydt = / ^ / ! / dxu s (x,t) / u e (y,t) tp (x,y,t) dy 

J J J nJmSo f J J 



m=0 

Using the continuity of y and (|7.25[) we then obtain for any oo > 



w e (x, t) u £ (y, t) <p (x, y, t) dxdydt — J dt J dp t (x) \ dp t (y) <p (x, y, t) dy 
with C independent on o~o, $o whence the result follows. ■ 



<C(a + S ) 
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8 Formulation of the limit problem. 



We now pass to the limit in the problems (|2.ip - (|2.2[) . (|2.4j) - (l2.5[) to derive the problems satisfied 
by the pairs of measures (fi,fi~) , (/x, respectively. As a matter of fact, in order to write the 
weak equations satisfied by the measures /j, we will need to introduce some auxiliary measures 
defined in a space larger than Cl x [0,oo) at the singular points. We begin with ther first 
regularization (|2~T|) - (f2~2|) . 



8.1 First regularization. 

We begin rewriting the weak formulation of the regularized problem (|2.1j) - (l2.2l) in a more convenient 
form: 

Lemma 21 Suppose that u £ solves \2. 1}) - W3fy . Then, for any test function ijj S C°° (Jl x M + ) 
satisfying 

|^(x,t) = , xedfl 
ov x 



we have: 

Li + Qi + Q-2 + + Qa + Qb = 

where: 



L\ = — J ijj (x, 0) uo (x) dx-J J tp t u € dxdt — J j u e &.if)dxdt 

n Iff f [(x-y)-(yrP(x,t)-V^(y,t))] J . 
Ql = ^J J J \x~rf ' { ,V, ) 



8.3) 
8.4) 

8.5) 
8.6) 
8.7) 



Q5 = -J J J ViHx,t)W(x,y)du-(x,y,t) 
and: 

duj 7 ( x > Vi *) = fe {u (x, t)) f £ (u (y, t)) dxdydt 

Proof. Multiplying the regularized equations by a test function tp (x, t) compactly supported in 
f2 x [0, oo), solving the Poisson equation using the corresponding Green's function and integrating 
in Q x [0, oo) we obtain: 



^ = hj j J[^i^)z{y)-^{y,t)z{x)] ( Pd{x) D Pd{y) \du>-(x, y ,t) 

Qs = -^///[W (x, t) Z (y) + V* (y, t) Z (x)} [^M^MlM ^- {x , y , t) 
• [Gt (Y (x, y) , Ai (ar, y) , A 2 (x, y)) + g n (Y (x, y) , Ai (x, y) , A 2 (x, y)) v (y)] duij (x, y, t) 



1) 
2) 



= — / ip (x, 0) no (x) dx — J j ip t u e dxdt — j J u e Aipdxdt- 
fe (u (x, t)) f e (u (y, t)) V^> (x) V X G (y, x) dxdydt 



where G is the Green's function for the Poisson equation described in Lemma [2j 
Using Lemma [3] it then follows that: 



Ll + ^J J /WMj^^wr (*,*/>*) + ( 8 - 9 ) 

1 [[ (xiK *\rt ^ Pd( x )-Pd{y)-[d{x) V {x)+d{y)v{y)] J _ 

2tt ^V(x,t) Z [y) — du e (x,y,t) + Q 4 + Q 5 = 
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Symmetrizing the second term in (|8.9p we can rewrite it as Q\. On the other hand, symmetrizing 
the third term in (|8.9[) it becomes Q2 + Qz- ■ 



We now proceed to identify the limit of the quadratic terms Qk, k — 1,...,5 in 
The sequence {uj~ (x, y, t)} has good properties to pass to the limit in M + (Ct x Ct x R + ) , however 
these measures are multiplied by functions like [^~^HV|Jz^)-Vt/'(;/,*))] are DOunc j e(: i Du t no t 

continuous near the diagonal {x = y}. To deal with such a terms will require to introduce measures 
defined in larger sets than fl x O x [0, 00) . 



8.1.1 Limit of the nonlinear terms: The term Qi- 

Lemma 22 There exist measures u~ e M + (fix fix M + ) , pT e M + (fl x S 1 x R+) satisfying 
U)~ ({x — y} x [0, 00)) = 0, supp [fj.~) C S x S 1 such that for any test function as in Lemma\2]\ we 
have: 

Qi ^ f fr-vV(MM d/r+ j_ I [{ x-y).iy^ M -vHy,t))] duj 

J[Q.y.S 1 ]y.[0,oo) 47T ^ J[nxnx[0,oo)]n{x^y} \x — y\ 

(8.10) 

for some subsequence £k — > 0, fc — > 00. 
Moreover, we have: 

dpT = djiT dt , cLj~ = du7 dt (8-11) 

and: 

d/iT (-,!/)= J2 7i~(*)<W) . 7rW>(/?rW) 2 , a.e.t g[0,oo) (8.12) 

ii(i)£Si 

dWf" (a?) y) = X! Ai J (*) s mq ( x ) 5 *j{t) (v) + ( 8 - 13 ) 

+ ^2 ^( t )[ S x 1 (t)(x)u(y,t)dy + 5 x ^t)(y)u(x,t)dx]+u(x,t)u(y,t)dxdy 

for some Ajj (i) > defined for i =/= j. 

Proof. Let rj € C°° (M + ) be a cutoff function satisfying: 

ry(s)=l , \s\<± , V (s)=0 , \s\>l , < 77 < 1 



We then write: 

'\x-y\ 



Qi=/ / / Ida;" (x,y,t)+ / / / H x (x,y,t) 



l-r, 



du £ (x,y,t) 



= h+h 

where: 

1 [(a;-y)-(VV>( a ;,t) -V^ (y,t))} 
4^ | a - y| 

Given ^€(7°° (SlxS'x R+) we define 



g l(a;> y ?t ) = -L LV± ^ W^^,- 2 v y , y ,^J (814) 
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The family of nonnegative measures p, s e (x[q,t]¥') is compact in M + (0 x S 1 x [0,T]J for each 
T < oo with the weak topology, since p,J E (x[o,ti 1 l) < T (j u^dx) 2 . Taking a subsequence if 
needed we can define fiJ T ((f) = limfc_ s . 00 flj e (x^.t] 1 / 5 ) where the limit is taken in the weak topology. 
We can now take the limit 5^-0 for suitable subsequences. Then: 

A^t^At (8-15) 

Moreover, we can write dfi^ = dfl^dt arguing as in the Proof of Proposition 1151 

We can now compute the limit of the term I± using the measures p,^, . To this end, we approximate 

the test function t( z ~^HV^(z^)-v^fo,t))] ^ a ^ eg ^ mnc ^j on nav j n g the form (p (x, \£ly\ ■> t) ■ Indeed, 

Taylor's Theorem yields: 

[(:r - y) • (W (x, t) - Vi/> (y, t))} (x - y) ■ V 2 V (x, t) ■ (x - y) 

+ 0(5) 



\x-y\ 2 \x~y\ 2 



whence: 



v ■ V 2, (x, t) ■ v 

Therefore, the limit e — > 0, 5 — > 0, for suitable subsequences, yields: 

W/ ( V -**}*' t) - V )w{*,>>)* (8.16) 



SixS 1 



4tt 



It only remains to compute the limit of 1% as s —> 0, 6 —> 0. Notice that the family {u e (x, y, t)} 
is weakly compact in M + ( [(D, x ft) (1 {\x — y\ > 5}] x [0, T]) . Therefore there exists u>J T such that 

l — i] ( \ x ~ y \ j — Taking then the limit <5 — > 0, we finally obtain: 



i a - J- / \(x-y)-m(^)-^iy,t))] du - dt {817) 

[!ixOx[0,oo)]n{i^!/) \x — y\ 



-in 



Combining (|8.16[) , (18. 17)) we obtain (|8.10p . The representation of cj~ given in (|8.1ip follows as 
in Proposition [15] 

To derive (|8. 12|) we compute the measure /t^~ acting over test functions independent on v. We 
then need to consider the limit as e — > 0, 5 — > 0, (for suitable subsequences) of integrals with the 
form: 

U (u £ (x, t)) f e (u" (y, t)) ip (as, t) r) P^y^) dxdydt (8.18) 



Writing: 
we obtain: 



f B (u e (x, t)) = fi~ (x, t) + [f e (u" (x, t)) - (i- (x, *)] 
f E (u e (x,t))f e (u e (y,tj) 

= V+ (x, t) ^ (y, t) + ^ (x, t) [f e (u e (y, t)) - fj," (y, tj\ + 
+ [f £ (u £ (x, t)) - (i- (x, t)] IT (y, t) + 

+ [f £ (u s (x, t)) - fi~ (x, t)] [f c (rf (y, t)) - M - (y, t)] (8.19) 



Plugging (|8.19p into ()8 . 1 8|) it follows that the limit of the second and third term approach zero 
as e — > 0. On the other hand, in order to estimate the contribution of the last term in (|8.19[) we 
remark that, estimating f e (u e ) by u £ , and using that outside a ball of radius p of the singular 
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set u £ converges uniformly to u, we can estimate the contribution outside the singular set by a L 1 
function and the resulting integral contribution approaches zero as 5 — ► 0, since the measure of the 
considered set approaches zero. Therefore, the integration in (|8.18|) is restricted to S + B p (0) x {0} 

with p very small. In such a set we can assume that r\ is constant, and tp(x,t) can be 

approximated by the values at the singular set, therefore, by functions depending only on time. It 
then follows that the last term in (|8.19l) gives a contribution with the form: 

f Vfo (*)>*) ( f [fe(u e (x,t))-fJ,-( X ,t)] dx) dt>0 

except for a small error, if (x, t) in (|8.18l) can be approximated as e — ¥ by the sum of the values 
at the singular set. 

It then follows that: _ 



whence using the fact that f £ (u) < u as well as Corollary [23] (|8.12j) follows. The representa- 
tion formula (|8.13l) is a consequence of the fact that the measures |w~ (x,y,t) 1 — 77 ^ ^7^ )] } 

are supported in the region {\x — y\ > 5} , as well as (|7.6p . If we consider points (xg, yo) at the 
singular set we can obtain smoothness of the solutions in an neighbourhood, and obtain strong 
convergence of / (u £ (x, t)) / {u e (y, t)) . This gives the term u (x, t) u (y, t) in (|8.13l) . If, say x$ E S t 
and yo is a regular point, we obtain strong convergence of the function / (u £ (y, t)) in a neighbour- 
hood and, taking the product of weak convergence with strong convergence to obtain the terms 
J2x,(t)es t Pi (*) [^i(t) ( x ) u (f ' *) d y + ^i(t) (v) u ( a; ' *) dx \ in 1 8 - 13 P - Finally, in a neighbourhood of 
the points (x, y) — (xi (t) , Xj (t)) E St x St with i ^ j we can only prove the existence of a singular 
set with weights Xij (t) > 0. Unfortunately it is not possible to ensure that Ajj (t) = (i) ^~ (t) 
without a careful study of the possible fast oscillations in time of the functions f s (u £ ). A Young 
measure formalism that allows to describe the possible effect of oscillations in short time scales is 
given in Section [TU] ■ 

A consequence of Lemmas [19] and [22] is the following: 
Corollary 23 Suppose that /x, w~ are as in Provosition \15l Then: 

dui~ (x, y) < dfi t (x) d\x t (y) (8.20) 



8.1.2 Limit of the nonlinear terms: The term Q^- 



In order to characterize the limit of the term Q2 we need to define a manifold that will play the 
role of f2 x S 1 for the points at the boundary. We define also some auxiliary sets. 

Definition 24 For any y £ dQ we define the following manifold with boundary: 

M 2 [y] = {(Y,X u X 2 ):Y eTM y (dn), A x > 0, A 2 > 0, \Y\ 2 + {X 1 + \ 2 f = 1} 

Notice that M. 2 [y] is isomorphic to the intersection of a two-dimensional cylinder with the 
quadrant {Ai > 0, A2 > 0} . 

Definition 25 We will denote as Ai 2 the set {(y,<r) : y € dfl, a € M 2 [y]} endowed naturally with 
a structure of three-dimensional manifold with boundary. 
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Definition 26 We will denote as VW^ ' the set {(y, a) : y E Q, dist (y, dtt) < eq, a G M 2 [yo]} , where 
ya is the closest point to y in d£l and £q > is fixed sufficiently small. 

Lemma 27 Let Q 2 as in \8.5\) . There exists a measure fa G M + (Ai 2 X R + ) , dfa = dfa t dt such 
that, for suitable subsequences — > 0, — > 0, k —¥ 00 : 



Q-2 -> A 6 (Vi) + 
1 

+ — 

47T 



[W> (x,t)Z(y)-VV (a:)] 



(P d {x)-P d {y) 



D 



(8.21) 



fixflx [0,oo)ln{a;^i/} 

wf/j w t _ (x, y) as in Lemma U^ andtwith: 

i p 1 (y,Y,X 1 ,X 2 ,t) = [Y + (X 2 -X 1 )p(y)}-V^(y,t)-Y , y € Oil , (F, A 1( A 2 ) € M 2 [y] , <g[0,oo) 



Moreover: 



I dfa >t (-,a) = 7 M (*)4 i(t) (-) , 7m (*) > (ft" (*)) 2 > a.e.tG[0,oo) 



3.22) 



.23) 



x«(t)£S t 



Proof. We use the same argument as in the proof of Lemma[52] Using the same cutoff function 
77 we write: 



H 2 (x, y, t) duj £ (x, y, t) 

x -r(y)\ 



H 2 (x,y,t)r) 
H 2 (x, y, t) 



duj e (x,y,t) + 



1-7? 



\x-r(y)\ 



h+h 



with: 



H 2 (x, V,t) = — [Vt/> (x, t) Z (y) - W (y, t) Z (x)} 

47T 



du e (x,y,t) 



Pa (x) - Pa (y) 
D 



.24) 



In order to define the measure jl b G M + (A4 2 x K + ) we argue as follows. Given a test function 
(p G C°° (M 2 x R + ) we extend it to A4 2 for small eo as <p (y, a) — <p (y , a) with a G M 2 [yo] and 
we define the auxiliary linear functional for 8 > sufficiently small: 



AW {<P) 



where k 



x + y 
2 ' 



(P d (x)-P d (y))-t(y) 



d(x) d{y) 



D VD 



t T) 



(y)\ 



\(P a (x)-P a (y))-t(y)\ 



duj £ (x,y, 
(8.25) 



\p 1 (x)-p (y)\ — • Notice that for any x, y satisfying \x — t (y)\ < 8, we have also 
dist (x, dfl) < 8, dist (y, dfl) < 28 for S sufficiently small. In particular Z (y) — 1. The sequence of 
measures fa s e is weakly compact iijj] [C (M 2 x [0, T))]* for any < T < 00. Then, taking suitable 
subsequences: 

fas,e ^ fh 

where fa G M+ (M 2 x M+). 

We can then pass to the limit in 2j as follows. Using Taylor's we can write: 



\x -r(y)\ 



[[(Pa (a;) - P a (2/)) ■ * (y)] * (y) + (d (y) - d (x)) v (y)] 
-0(8) 



W 2 ^(y,t) (P a {x)-P d (y) 



4ir \ 



D 



du £ (x,y,t) 



See if it is possible to put T = 00 directly. 
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Then: 

h = Am, 6 (¥>i)+O(<0 
Then, taking suitable subsequences: 

h -» At" (Vi) 5 £fc , 5 fe -> as k -» oo 
On the other hand, taking the limit e — > and 5 — > 0, also for suitable subsequences: 

T- I I I ^ & *) Z (f ) - fo, t) Z (x)} f p efa)- p a(y) \ duj - {x> y) dt 

47T J J J[nxnx[0,oo)]n{x^y} \ u / 

where the measure w f ~~ is as in (|8.17p . 

We can compute the action of the measure j!7 over test functions ip € C {M.2 x R + ) depending 
only on (x, t) e dVt x [0, oo) . To this end we need to consider the limit of: 

( x + y \ f \x-T(y)\ \ _ 
<P —z—it V 7 aw E {x,y,t) 



that converge in the limit — > , 8% — > as k — ¥ oo to: 

tp (x, t) djlfr t (x, a) dt 



lo JanJM2[x] 
Arguing as in the Proof of Lemma l2"2l we obtain (|8.23[) . 



8.1.3 Limit of the nonlinear terms: The term Q3. 

We now compute the limit of Q3. 

Lemma 28 Suppose that tp G C°° (fl x R + ) satisfies h8.1\) . Then, taking suitable subsequences 
£fe — > 0, 8k as k —¥ 00 we have: 

n fi- f,„ _u ,„ 1 /" /" /" [d{x)u(x)+d(y)u(y)} 

47T J J J[nxfix[0,oo)]n{z#iy} ^ 



[Z (y) [W (x, t) - Z (x) (P a (a:) , t)] + Z (*) [Vt/> (y, i) - Z (y) W (P a (y) , i)]] duf (a:, y) 

__L f f f z (g) z (y) [vy> (p a (g) , *) - v»ft ( Jfe (y) , *)j 

47T 7 J 7[Oxnx[0,oo)]n{2;#y} ^ 

M (y) v (y)-d (x) v (x)] dut (x, y) dt 



26) 



where Q3 is as in jff.6p . t/ie measure £i b as in Lemma \Wj\ u) t (x,y) is as in Lemma KI and t/ie test 
functions tp2, ^3 are given by: 

if 2 (y, F, Ax, A 2 ) = l-[u (y) • V 2 ^ (y, t) ■ v (y)] (Ai + A 2 ) 2 (8.27) 

(^3 (y, Y, Ai, A 2 ) = i- (A x - A 2 ) [Y • V 2 </> (y, t) • 1/ (y)] (8.28) 

wit/i (y, Ai, A 2 ) e A^ 2 [y] • 

Proof. In order to rewrite Q3 we use the identity: 



[W (x, t) Z (y) + (y, t) Z (x)] [d (x) «/ (x) + d (y) 1/ (y)] 

= [[VV (s, *) - Z (x) (Pa (x) , *)] Z (y) + (Pa (a;) , t) Z (x) Z (y)] [d (x) v{x) + d (y) w (y)] 
+ [[VV (y, t) - Z (y) (Pa (y) , t)} Z (x) + W (Pa (y) , t) Z (x) Z (y)] [d (x) 1/ (x) + d (y) 1/ (y)] 
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Using v (Pq (ar)) = v (x) as well as (|8.1[) . we obtain, after symmetrizing: 
[V^ (ar, t) Z (y) + VV {V, t) Z (x)] [d (ar) v(x)+d (y) v (y)] 

= [Z (y) [V</> (x, t)-Z (x) VV (Pq (x) ,t)} + Z (x) [V</> (y, t)-Z (y) (P a (y) , t)]] ■ [d (*) 1/ (a;) + d (y) * (y)] + 
+ Z (x) Z (y) [V</> (Pa (z) , t) - (Pa (») , t)] ' M (2/) " (tf) " d (*) " (*)] 
Therefore, we can write Q3 as: 

O3 = Q3.1 + 03,2 

with: 

#3,1 (x,y,t)du~ (x,y,t) , Q 3 , 2 = - / / H 3 ^ 2 (x,y,t) dui~ (x,y,t) 



W3,l = 

= [d(x)v(x) + d(y)v(y)] ^ y ^ + 

47rP 

+Z (ar) [VV (y, t)-Z (y) (Pa (y) , t)]] (8.29) 

„ , Z (x) Z (y) [Vy, (P 3 (x) , t) - VV> (Pa (y) , t)} ■ [d (y) v(y)-d (x) u (x)} 

#3,2 [x, y, t) = j-^ (8.3U) 

In order to compute the contribution near the diagonal {x = y} and away from it we split 
Q3.i1 03,2 as in the Proof of Lemmas [22J EZl More precisely: 

03,1 = -/ / / ff 3 ,i (x, y, t) n ( |X " I {V)1 ) doj- (x, y, t) 

l-rj[— P^ 1 ) du~ (x,y,t) 



#3,1 (x,y,t) 



03,2 = -/ / / H 3 , 2 (x,y,t)r) ( ] du/ e (ar,y,t) 



1-77 



5 

|ar-r(y)| 



k ~ T (2/)l 
\x-r(y)\ 



dw e (ar,y,t) 



#3,2 (a?,y,t) 
= h,i + h,2 

Using Taylor's expansion as well as the definition of Pg (x) , Pq (y) : 

*v = hJJJ [d{x)+ D d{v)f [" (y) • v V (y, t) • * &0] 1 (J^l) (*, v,t) + o (S) 

/ 2 ,i = -L / / / [(Pa (x) - Pa (y)) ■ W («, *) ■ * (y)] H^M, (]£zlM) ^- (a , y , t) 
Taking the limit efe — > 0, <5fc — > for suitable subsequences we then obtain: 

h,i + h,i -> /V (<^2 + ^3) 

On the other hand, using the boundedness of the integrands we can pass to the limit as Sk —3 
0, Sk — > in /1.2, ^2,2 to obtain: 

h2 ^_J_ f f f [d(x)v(x) + d(y)v(y)\ 



47T J J 7[Oxf2x[0,oo)]n{a;#y} P 

[Z (y) [VV (*, t) - 3 (a) VV> (Pa (1) , i)] + z (») [W (tf, *) - ^ GO (Pa (y) , t)]] <^t~ («. 2/) dt 
T , 1 /" /" /" Z(x)Z(y)[V^(Pa(x),t)-V^(Pa(y),t)] 



47r J J 7[oxnx[o,oo)]n{K#y} ^ 
• [d (y) v(y)-d (x) v (ar)] dw t ~ (ar, y) dt 
This concludes the proof of the lemma. ■ 
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8.1.4 Limit of the nonlinear terms: The terms Q4 and Q5. 

We finally precise the limit of the terms Q4 and Q5. 

Lemma 29 Taking suitable subsequences £k — > 0, 5k — > as k — > 00 we 



have: 



[& (x, y) , Ai (a:, y) , A 2 (x, y)) + g n (Y (x, y) , Ai (x, y) , A 2 (x, y)) v (y)] du^ (x, y) dt 



;.3i) 




Vip(;x,t) W(x,y)dujt (x,y)dt (8.32) 

f2xfix[0,oo)l 

where Q4, Q5 are as in |ff.7| j ; \8.8\) respectively, ip4 is: 

<p 4 (y, Y, Ai, A 2 ) = (y, t) • \Q t (Y, X lt A 2 ) + <?„ (F, A X) A 2 ) «, (y)] (8.33) 

and C? t , g n are as in H3.32]) . A3.33\) . The measures uj^ (x,y) , fi^ , are respectively as in Lemmas 

Proof. The proof is essentially similar to the one in Lemmas [571 HH1 We split Q4 using the 
cutoff function r/. Then: 



U = 



l-ry 



|z-t(j/)| 



dw £ (x,y,t) = Q 4)1 + Q 4:2 



5 

Using (|8.25|) we have: 

<34,1 = MM,e (V4) + O ((5) 

with ip 4 as in (|8.33|) . Taking the limit Sk — > 0, — > we then obtain (|8.31f) . On the other hand, 
we can take directly the limit in Q5 due to the continuity of W (x, y) , whence (|8.32p follows. ■ 

Remark 30 It is important to notice that the domain of integration in 118. 32\) includes the diagonal 
{x = y} differently from the other formulas where the measures {u^} appear (cf. 118. 10\) . 118.21)) . 

SHM, WM)- 

8.1.5 Weak formulation limit equation for the first regularization. 

We can now collect the previous results as follows. 

Theorem 31 Let u e , v e be a solution of A2.1\) . \2.2\) . Suppose that the measures /1, fi~ , oj~ , £1^ are 
defined as in Provosition [751 and Lemmas \22[ \27\ respectively. Then, for any test function ip g C°° 
satisfying \8. 1}) we have: 



1 

47T 



ip (x, 0) uq (x) dx — J J iptd^tdt — J J A^pd/i t dt+ 
{y ■ V 2 ip (x, t) ■ v) dfq (x, v) dt + (cp) - 

SixS 1 

Vij) (x, t) W (x, y) dujt (x, y) dt— 

f2xf2x [0,oo)]n{x=y} 

[V X G (a, y) ■ VV (x, t)} du^ (x, y) dt 

Oxf2x [0,oo)]n{a;^i/} 



.34) 



3G 



with the test function tp given by: 

Y-V 2 ^{ Vl t)-Y 



ip(y,Y,\ 1 ,\ 2 ,t) = 



Air 



v{y)-V 2 ip{y,t)-v{y) 



AlT 



(A!+A 2 ) 2 + 



h (2/), 



+ (y, t) ■ [Q t (Y, Ai, A a ) + g n (Y, Xi, A 2 ) v (y)} 

Z7T 



Moreover, the measures fi t , fi bt satisfy 18.12]) . 18.23]) . 



3-35) 



Proof. The result just follows taking the limit in (|8.2[) . The limit of the term Li is inmediate. 
The limit of the terms Q±, Q5 can be obtained using Lcmmas l22ll29l We have ip = ipi+tp2+ip3+ipi 
with the functions <fj, j = 1, 4 as in ([8"T22]) . i|8T27|l . (f8T28]) . ([Q3]) . We then obtain: 



ip (x, 0) Mo (x) dx - 

v ■ V 2 ip (x,t) ■ v 



iptdntdt 



Atpd[j>tdt+ 



Ait 



f2xQx[0,oo)]n{a;#i/} 



dp, t {x,v)dt + fi b ((f) + 
Hi (x, y, t) dui~ (x, y) dt+ 

H2 (x, y, i) doj^ (x, y) dt— 



six Ox [0,oo)]n-O^t/} 

Vip (x, t) W {x, y) dujt (x, y) dt 



SlxOx[0,oo)] 



fixOx [0,oo)]n{2;^iy} 



#3,1 (x,y,t)du t (x,y)dt- 



fixnx[o,oo)ln{x^2/} 



H3.2 (x,y,t)du t (x,y)dt- 



VV> (x,t) 



Z(y)h(y) 



[Slxf2x[0,oo)]n{a;#y} 2"7T 

• [Qt (Y (x, y) , Ai (x, y) , A 2 (x, y)) + g n (Y (x, y) , Ai (x, y) , A 2 (a;, y)) v (y)] doj^T (x, y) dt 

= (8.36) 

where the functions H l7 H 2 , H 3:1 , H 3 , 2 are as in ([814]) . (fQ4]> . (f8T29|) . (fOOt respectively. 

Formula ()8.36[) is particularly convenient in order to check the convergence of the different terms 
arising in the integrals, because the measures uj^ (x, y) are integrated against continuous functions 
in the region of integration. However, it can be written in a more convenient form reversing the 
computations in Lemma [28] in order to rewrite H 3 i,H 3 2, using (|8.ip and Lemma [4] ■ 

Remark 32 It is important to take into account the presence in ^8.34]) of the integral term con- 
taining W and integrated in {x = y} . This term gives a nonzero contribution in the singular points 
of the measure {x, y) . 



8.2 Second regularization 

Arguing in a completely similar manner with the second regularization (12.41) . (|2.5[) we can obtain 
the following result: 

Theorem 33 Let u e ,v £ be a solution of \2.4ty , V2.5]) . Suppose that /i, fi + are as in Proposition 
El There exists measures fi £ M+ (fix^xl+j, we M+ (Q x n x R+) , fi b e M+ (M x M+) 
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defined as in Lemmas \2Hl \27\ with the functions f e (u e ) replaced by u e . For any test function ip € C° 
satisfying \8.1}) this family of measures satisfy: 



1 

4tt 



ip [x, 0) uq (x) dx — J J iptdfudt — J J A^pd/i^dt+ 
v ■ V 2, {x, t) ■ v\ dfi t (x, v) dt + fit, (<p) — 

. > , s ] 

V-0 (x, i) W (x, y) duj t (x, y) dt- 

Six Six [O,oo)ln {:e=i/} 

[V X G (x, y) • W {x, t)] duj t (x, y) dt 



[SI X Six [O,oo)l n{:c/y} 

= (8.37) 
with the test function ip as in \8.35\) . Moreover, we have: 

( djl t {;v)= 7i(*)*x 4 (t) , 7< (*) = (<*i (*)) 2 - o.e. tG[0,oo) (8.38) 

,/sl x 4 (t)es< 

dwt (ac, y) = a, (t) a j (t) 8 x . {t) (x) 5 x . (t) (y) + 

+ ^2 a ^{ t )[ 5 x,(t){x)u{y,t)dy + 5 Xi ( t) {y)u{x,t)dx\+u{x,t)u(y,t)dxdy 

/ dfab,t(-,o-) = ^2 Jb,i (t) 5 Xi ( t ) (■) , j b>i (i) = (a, (t)f , a.e. te[0,oo) 
Jm ^ xdt)es t 



9 On the connection between the measures fi, fi~ and fi + . 
Separation Lemma. Proof of the different evolutions for 
the two regular izat ions. 

The main result in this Section is the following: 

Theorem 34 The measure ft in Provosition 1 1 5\ (cf. j7.4]) ) is related with the measures ft~ , fj,^ 
defined in LemmaW^ by means of: 

7T~ [ d ih (•> v) + 7T f d fh (•> v ) = dP-t (■) a.e t e [0, oo) 
8tt J s i 87r J M2 

The measure fl + in Provosition 1 1 61 (cf. J 7. 1 W ) is related with the measures fi, fib in Theorem 
[^1 by means of: 

Z~ I dfi t {- 1 v) + ^( d/t 6 (-,!/) = dftf (•) a.e t G [0, oo) 
8tt 7 S i 87T J 7Wa 

A relevant consequence of Theorem 1341 is the following. 
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Corollary 35 Let fi, pT , pT be solutions of ifOTj)) (cf. Theorem^ as in (73J), (EJM - 

Suppose that there exists a set of positive measure A C [0,oo) such that for to G A, (3^ (to) > 871". 
Then cti (to) > /3~ (to) a.e. to G A. 

Let p, p+, p be solutions of JOTp (cf. Theorem^ as in [Tlty , (7A7\ ), fQ5|J . Suppose 
that ther exists a set of positive measure A C [0, 00) such that for to G A, cti (t^) > 8ir. Then 
ft [to) > a, (to) . 

Proof. In the case of the first regularization (cf. (|8.36[1 ). Theorem IMl combined with (|7.5p . 
(|57T2")) implies: 

(PT (to)) 2 <lT (<o) = 8 7 ra i (t ) 

whence a,; (t Q ) > PT (to) f ^g^ ) > (*°) an< ^ t ^ ie resmt follows. In the case of the second 
regularization we use (17.171) , (|8.38[) and Theorem [34] to obtain: 

(a t (t)) 2 = 7l (t) = 8ttP+ (t ) 

whence the conclusion follows in a similar way. ■ 

Remark 36 Notice that a consequence of Corollary ] 3 '51 is that the weak formulations \8.34\ ), i8. 38) ) 
cannot define the same evolution as soon as one of the Dirac masses at any singular point becomes 
larger than 871". Notice that intuitively, Corollary \35\ states that the effect of the cutoff f e (u s ) in 
the case of the first regularization, or the term eus in the case of the second regularization becomes 
visible as soon as the masses become larger than 8ir. 



We will give the details of the proof of Theorem [34] for the measures p~ , Jl for the points placed 
at the interior of fi, since the points at the boundary dQ or the case of the measures p, p + can be 
studied with similar arguments. 

The starting point in the Proof of Theorem [34] will be the following inequality that measures 
the rate of change of the mass in the neighbourhood of a singular point in terms of the values of 
the measures p~ , p near such a point. 



Lemma 37 Suppose that the measures p , p solve 34\ ) for any -0 G C°° (f2 x K+) satisfying 
HHP . Let xo G fi, 2p < R, B 2R (x ) C f2, < T x < T 2 < 00. Suppose that i] R (x) = 77 {^p^ with 
r) G C°° (R) , f] (r) = 1 ifO < r < 1, 7/ (r) < 0, r/ (r) — if r > 2. We define also the test function: 



ip p (x) 



1-^- , \x-xo\<p 

(\x-xo\-2pf_ . . 

- , \x - X \ > p 



■2p 2 



where (s)_ — s if s < and (s)_ =0 if s > 0. We define also: 



U p (t;x Q ) 



Then, the following inequalities hold: 



dfi t (x,v) 



B p (x )xS 1 



T 2 



Lp p (x) dp T2 (x) - <p p (x) dp Tl (x) - 

P JT! 



< 



c_ 

P 2 Jt ± Ja\B p (x ) 
1 



rj R (x) dp t (x) dt + 



C 



P Jt x 



Up (t;x ) 

Air 

VR (x) 
R 



- 2 



dp t (x) 



dt 



Bp(x ) 

dp t (x) dp t (y) dt 



4irp 2 



T-2 



Ti J B p (xo)xB p (xo)n{x^y} 



VR (x) VR (y) dpt (x) dp t (y) dt 



(9.1) 



(9.2) 



(9.3) 



for some constant C depending on J dpo (x) , but independent on Xq, R, p, Ti, T%, 
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Proof. We will give the details of the proof for the points placed at the interior of f2, since 
the boundary points can be treated similarly. Suppose that ip is any test function supported in a 
ball £?2p (xq) with 2p < R. Using Lemma [3] and symmetrizing we can rewrite the last term on the 
right-hand side of (|8.34[) as: 



[\7 x G(x,y) -Vip (x,t)]duj t (x,y)dt + / / l Hi(x,y,t)du t (x,y)dt 

f2xf2x[0 : oo)]n{K#i/} J J\x-y\>QJ 

(9.4) 



(9.5) 



< C\\V x tp\\ L ^ {nxR+) j J j duj t (x,y) 
with Hi (x,y,t) as in (|8. 14|) . Using the test function tjr (x) we can write: 

Hi (x, y, t) du^ (x, y) dt 



\x-y\>Q 



\x-y\>0 



\x-y\>Q 



\x-y\>0 



Hi (x, y, t) r\ R (x) r\R (y) du t (x, y) dt+ 



Hi (x, y, t) (1 - r/ R (x)) rj R (y) du t (x, y) dt+ 



Hi (x, y, t) r) R (x) (1 - tjr (y)) dw t (x, y) dt 



where we use that a term containing the product (1 — t/r (x)) (1 — t)r (y)) vanishes due to the choice 
of the supports of t]r, if). 

The last two terms on the right-hand side of (I9.5[) can be bounded by: 

C 



Then (19.51) becomes: 



R-2p 



\x-y\>0 



l|V :c ^|| i oo (nxR+) / / r) R (x)duj t (x,y) 



Hi (x, y, t) du t (x, y) dt 



O 



Hi{x 1 y,t)r) R (x)r)R(y)duJ t {x,y)dt+ 

\x-y\>0 . 
^^\\L~-(nxR+) ! j 

r]R{x)duJ t (x,y) 



R-2p 

Combining (|9.4p . (I9.6[) . and using the fact that tp = at <9f2 we can rewrite (|8.34p as: 



(9.6) 



ip (x, 0) wo (x) dxj — \ \ ipt/M (x) dt — j j A-ipdfit (x) dt 
v-V 2 ip(x,t) -i/ 



OxS 1 



1 

47T 

O 

- 



\x-y\>0 



dfi t (x, v) dt+ 

[(x-y)-(Vj, (x,t)-ViP (y,t))] _ 
a VR {x) m (y) duj t (x, y) dt- 



VR (x) 
R-2p 



IVxVII 



\x - yY 



L=(f2xR+) 



|V^|| 



L°°(fixR+) 



du) t (x, y) dt 



(9.7) 



Let us consider a function H e (t;TiT 2 ) , H e G C°°, < H e < 1 such that H e — > X[Ti,t 2 ] as 
e — » in L 1 (K + ) , H e — 1 St ± — 5t 2 in (C (K + ))* , where X[Ti,t 2 ] * s the characteristic function of 
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the interval [Ti, T2] and St is a Dirac mass at t — T. Replacing tp (x, t) by ip (x, t) H s (t; T%, T2) and 
taking the limit e — > we obtain for a.e. Ti,T% > 0, and then for all T\,T% > due to the absolute 
continuity of the integration on t 



ip (x, Ti) d^ Tl (x)]+ ip (x, T 2 ) d^T 2 (x) 



Ti 



dip 



[it (x) dt- 



Aipdfi t (x) dt + 



+ 
= 



T-2 

Tt 
T 2 



Ti J\x-y\>0 

T-2 

l|V^| 



T-2 



Ti Jnxs 1 



v ■ V 2 ip (x,t) ■ v 



An 



dt 

dfi^ (x, v) dt+ 



Hi(x,y,t)r) R (x)r)R(y)dw t {x,y)dt+ 

VR {x) 



R-2p 



doj t (x,y)dt 



(9.8) 



We now use in (I9.8[) the test function ip (x,t) — ip p (x) (cf. (19.11) ). Notice that tp p ^ C°°, but 
since ip p 6 C ' it can be used by means of a density argument. Then: 



+ 



ip p (x) dp Tl (x)\ + J ipp (x) dfiT 2 (x) 
v ■ V 2 </? p (x) • z/ N 



T-2 

Ti 



J Atfpd^t (x) dt+ 



T-2 



Ti JClxS 1 
T 2 



An 



djl t [x, v) dt+ 



1 

An 



Ti J\x-y\>0 



[(x-y)-(Vipp (x)-Vcpp (y))] 



O 



VR (x) 
R-2p 



dui^ (x, y) I dt 



VR( x )VR(y)duJ t [x,y)dt- 



= 



(9.9) 



We now estimate the term containing the measure (l . Notice that: 



T-2 



Ti JilxS 1 



47T 



1 



T-2 



<i/i t (x, f ) <ii+ 



+ 



47rp 2 7 Tl Jb p (x )xS1 
T2 f fvV 2 <p p {x)-v 

Tt V[S 2p (x )\-B p ( a; o)]xS 1 V 



An 



djl t (x, v) dt 



whence: 



T-2 



1/ • V 2 (^ p (x) • f 



An 



dfi t (x, v) dt + 



4?rp 7 Tl J Bp (x (> )xSi 



dpi t (x, v) dt 



< 



C 



T-2 



P JTi •> B 2p (x )\B p (x ) 



dfXt [x) dt 



(9.10) 
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Using the fact that \V<p p (x) — Vip p (y)\ < ^ \x — y\ for \x — xq\ < p, \y — xq\ > p as well as 



9^]) . ([9~T0| it then follows that: 

tp p (x) dp T2 (x) - J '(p p (x) dp Tl {x) 
\x - x \ - p 



To 



P 2 JT t Jb 2p (x )\B p (x ) \X-X \ 



djjLt (x) dt+ 



1 f T2 

7 k 



U p (t;x ) 



-in 



- 2 



Bp(x ) 



dp t (x) 



dt+ 



t 2 

Ti 
T 2 



o 



1 



oil 

P 



P Jn\B p (x )Jn 



Vr (x) Vr (y) duj t {x, y) + 



1 



P J B 2p (x )\B p (x ) 



dp t (x) dt+ 



R-2p 



du t (x, y)j dt+ 

vr {x) vr (y) d^t i x i y) dt 



47Tp J Tl J Bp (x a )xB p (xo)n{x^y} 

Using (18.201) as well as the inequality \ x ~*°\~~p < VR (x) for \x — xq\ < 2p we obtain: 
<p p (x) dp T2 (x) - <p p (x) dp Tl (x) 



(9.11) 





pT 2 










f c 


c 


P J 




1 


f 



Up (t;x ) 



4tt 

VR (x) 
R 



- 2 



B p (x ) 



dp t (x) 



C f T2 f 

dt+ — / n R (x) dp t (x) dt+ 

P Jt x Jn\B p (x ) 



To 



47TP JTi JB p (x )xB p (x„)n{x^y} 



dp t {x) dp t (y) dt+ 

VR (x) VR (y) dpt (x) dp t (y) dt 



We define some auxiliary sets that will be used in the following. 
Definition 38 For any a, Si, S 2 > we define: 

I Sl ,s 2 = \t G [0, 00) : V x G S t , B 2Sl (x) nS^H.VYe!!, f dp t (x) < 8 2 2 

I JB 2Sl (Y)\S t 



^*)= ^[0,oo):^^>2 



dp t (x) + S 2 



7," S2 (X) = it G [0,oo) : UsA *' X) < 2 / dp (.,) - - 



where U$ x (t; X) is defined as in i9.2\) and l£!l. 

In the proof of the following result, it will be convenient to make more explicit the dependence 
on the singular point of the Dirac masses atj, 7" in (|7.5[) , (|8.12l) . We write: 



p t = ^2 a{t;xj)5 x .(i)+u{-,t)dx , u(-,t) G L 1 (f2) 

xj(t)eSt 



/ dp t (-,v) = V 7 {Mxj)5 x (t) 



(9.12) 
(9.13) 



xj(t)es t 
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Lemma 39 There exists So > small depending only on J„ d/io {%) such that for any 8\, S2 G (0, So) 
we have 

'=0 (9.14) 



= 



(9.15) 



for any X G il , 



Proof. We will prove (|9.14p since the proof of (|9. 15|) is similar. We argue by contradiction. 



Suppose that for some X € fi, 



> 0. 



A well known result [3] states that for any measurable set A c 



lim - \{t - t < e} n A\ = 1 , a.e. t e A 

e->0 £ 



(9.16) 



Let A — Is lt 5 2 H 7^ s (X) and fix n integer such that nSi € (1, 2) . For every to e A such that 
()9.16j) holds, there exists a sequence {eg > 0} , ei —¥ such that 



|{t-i <££}\A| < — £/ 



(9.17) 



where if > is a fixed numerical constant independent on S\,S2 that will be precised later. 

Suppose that K > 8. Then, since < < n , £ \ , we can obtain, for each £ n times 

t\ € A, j = 1, n such that: 



*o — t\ < ■■■ < t n — t + ei 

£ ( ^ t ,1. ,f\ ^ e t 
2n 



< (4i - «f) < 



l,...,(n-l) 



(9.18) 



We now prove that for t € Is lt 5 2 H 7^ j 2 there exists a singular point y g St fl 5,5! (A) . Indeed, 
notice that for t e A = 7a 1)( 5 2 n 7^ 5a we have: 



U Sl {t;X)>S 2 



On the other hand by (|8TT2|) : 

0* (*;A-) = 



Sl (X)xSi 



rfA* (a;, f ) < 



dfjtt (x) 



Suppose that St H Bs 1 (X) = 0. Then, since teic ^5i,<5 2 ^ follows from the definition of h 1 ,s 2 



that: 



Therefore: 



<J 2 < C/ 5l (*; X) < S 4 2 



and this gives a contradiction for 82 sufficiently small. Then for t 6 A we have St H 7?^ (X) 7^ 0. 
Moreover $ n B Sl (X) = {Y} for some Fefi and [B 2(5l (Y) \ {Y}] D & = 0. 

Given the sequence of times {i| : i = 1, n\ , let us denote as Y/ the corresponding singular 
points y/ G 5 t n B 5l (X) . 

It now follows using Lemma US] that 



Y[ -Y? +1 \<LJ\t\-t\ +1 \<LJ^ , 1 = 1,..., (7i-l) 



where 7 > is a constant depending only on J„ c?/xq (#) and f2. 
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We then apply (|9.3p with Ti =tf, T 2 = tf +1 , x = * 2 i+1 . We will assume also that 



p = 4:Ly/S 2 ee , R = Dp 



(9.19) 



where the constant £> will be chosen depending only on f^dfiQ. Notice that t £ A implies t £ 
I 8-1,82 ^ 8-, PO f° r the above mentioned value of S\. We only assume for the moment that: 



D > 8 



(9.20) 



> 



Then: 

<p p (x) dp t i^ (x) - J \p p (x) dfi t t (x) 

4<7T 

j) R (x) dp t (x) di- 



1 



P J[t|,tf +1 ]n4 



/ d/x t ( x ) 




dt+^r [ 


)B p (xq) 


p J[n4+i]\A 



U P (t;Yf) 



4tt 



- 2 



Bp(xo) 



dp t (x) 



dt- 



a p 

C /<i /Tr7ji(x) 



P ,/t f 



7? 



1 



d^ t (x) / d/it (y) <it 



1 /" t< + 1 



Airp 2 



B p (x )xB p (x )n{x=£y} 



d\H (x) dfj,t (y) dt 



Notice that, due to our choice of x$ and the definition of ip p we have that 

|lf+i -x | < R , \Yf-x \ < P 
<p P (Yf) = ^ > \ 

(It is important to take into account that xo depends on %). Then: 

a(Y^;ti +1 )-a(Yf;tl) + 

U P (t-Y[) 



1 

P J\t\,t\ lrU 



- 2 



<P/> Yi ) dp^ +1 (») - / <P P (x; Y i ) d/^ (x) 



n\{y/} 



P Jt\ Jn\B p (x ) 



c r h+i 



p Jt 



Vr (x) 



R 



4tt 

i] R (x) dp t (x) dt- 
1 



/ dpt (x) 




dt+i [ 


/Bp (so) 


P 2 J[ti,t* +1 ]\A 



U P (t;Yf) 



Am 



B p (x ) 



dp t (x) 



dp t (x) / dp t (y) dt 



1 /" <+l 



47T/9 2 



BpfiolxBpfioJnli/j} 



dp t (x) d^ t (y) dt 



where we use the fact that tj,tf +1 £ Is 1 ,s 2 and we write explicitly the dependence on the center xq 
for tp p — (p p (x; xo) . Notice that we use also the fact that U p (t; Y[) = U p (t; x ) for t £ [if, tf +1 ] n A 
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Using the global boundedness of J dfi t (%) as well as (19. 18)) as the fact that R < 1 and the 
definition of rja we obtain: 



(5?+i5 4h) - " ( Y t, n)+ r V P (x; if) dfiu (or) 



> 



/> J[t*,t\ +1 ]nA 



C 



Up jt;x ) 

47T 



/ dm {%) 






'B p (xo) 


P 2 7[i 



</V (a; if) d/v 0*0 



^ J[ti,tf +1 }nAJB 2R (x„)\B p (x„) 



C f 

dfi t (x) dt / 

p J[thti+i 



c n+ 



pR J t 
l 



dt 



J[tl,tf +1 ]nA J B p (x )-xB p (x a )n{x^y} 



d(i t (x) dfi t (y) dt 



}\AJB2 a (x )\B p (xo) 

dfj, t (x) dfi t iy) dt- 



dfi t (x) dt- 



4lT P J[t e t ,tf +1 ]\A J B p (x a )x[B p (,x )]n{x^y} 



and using again f|9. 1 7[) as well as the boundedness of J dfi t (x) — J dfiQ (x) we obtain: 



{Yf +1 ;ti +1 ) - a (if; t\)+ <p p (x; if) (x) - <p p (as; if) d/i t| (x) 



n\{^+i} 



> 



C 



47T 



/ d/i t 0<0 






IB p (xo) 


P 2 J[t 



q\{y*} 
dt- 



P J[tt4 +1 ]nAJB2R(x )\B p (xo) 



dfit (x) dt- 



c r*+ 



dt 



dfi t (x) dfi t (y) dt 



pR J t e Anp 2 J[tlt' i+1 ]nA JB p (x )xB p (x )n{xjty} 

Then since B 2R (x ) \ B p (x ) C B 2Sl (Y) \ {Y} due to (EHO)) we have: 



(9.21) 



1 B 2 r(x )\B p (x ) 

due to the definition of Is ± t s 2 ■ Then: 



dfit (x) < 



B a (Y)\S t 



dfi t (x) < S\ 



f, I 

J\t?t':,AnA Jb- 



P J[ti,tf +1 }nAJB 2 R(x )\B p (x ) 

Moreover, since t 6 A C Ig $ 2 and X — xq we have 

Up (t;x ) 



a/it (x) ar < — ^ 



/r 1 n 



4tt 



- 2 



■Bp(ao) 



dfl t (x) > 5 2 



(9.22) 



(9.23) 



We finally estimate the last term in (|9.21[) . Since t £ A C Is x s 2 there is only one singular point 
Y G B p (x ) . Then: 



B p (ic)xB,,(i )n{i/t/} 



d/i t (x) d/i t (y) 



< 2 



d/i t (x) 



Bp(xo) 



s P (^o)\{n 



d/it (x) 



< C 



B„(r)\{y> 



d/it (x) 



and using the definition of Is lt s 2 we obtain: 



B p (x )xB p (x )n{x^y} 



dfi t (x) dfL t (y) < C5l 



(9.24) 
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Plugging dUg) , dQgJ) , into (|9~2"1"]) we obtain: 

a(^ +1 ;4 1 )-«(^*f) + 



¥V (z; if) , . (a;) - / ^ P (x; Y t ) dp t i (x) 
_Jn\{Yf +1 } 1+1 Ja\{Yf} 



8 2 f C f C /•*«+! , C8le t 

>4/ <**--/ dt ~-5 dt ~^r s 

P l J[tl,tl +1 ]nA P l J[tj,t e i+1 ]\A pRJt* P n 

Adding for all i = 1, (n — 1) : 



a (Yf; t +e t )-a (Yf; t ) + V / (x; Yf) dfia (x) - <p p (x; Yf) dfi t e (x) 



6 2 f C f C f to+Ee , Cbl 
> 4 / dt- — \ dt / df 



^ 2 i[to,«o+edn^ P 2 J[to,t +e e ]\A PR 



-£( 



to 



dt- 



(C + 5 2 ) 



P J[to,to+£t] 



P 2 J[to,to+e e ]\A P R 



C f to+ee , CSo 
dt — / dt —si 

to P 



We now (19T7)) to obtain: 



a (Yf; t +e t )-a (Yf; t ) + V / <p P (x; Yf) d^a (x) - / tp p (x; Yf) dp, t e (x) 

7=i IM{*? + J 1+1 M{yf} 
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C 6 2 


C 


p 1 


2 17 £l 

p z K 


~ ~p~R 


5 2 £l 


r 2c_ 

K 


C P 


P 2 


R 


5 2 ee 


\_7C_ 
K 


C 


P 2 





C5 2 



where we have used (|9. 19(1 . The constant C depend only on J„ dpo (%) ■ We now choose S 2 such that 
C5 2 < jy, D such that = ^, and if such that ^ < ^. Notice that R = Dp = ALD^/^ee = 
4{ fjj2 yfel — >■ as £ — » 00 . Finally we choose 13 satisfying (|9.20j) and using the choice of p in f)9. 19[) 
we obtain: 

a (Yf; t Q + e e )-a (Yf; t ) > — ^—j -J^ I V P (a; Yf) dfiu (x) - f <p p (x; Yf) dp t t (x) 

2 ( 4i ) i^i y n \{ Y *+i} Jn\iY e \ 



We estimate the sum as 

n-l 

E 



ip p (x; Yf) dp t e (x) - 



i=l 
n-l 

i=l 



ip p (x; Yf) dp t i (x) 



Then: 



(Yf; t + e l )-a (Yf; t ) > ^ - 25 2 > = H 



(9.25) 



32L 2 - 64L 2 

where 6* depends only on J n d/xo (x) and il. 

We can now derive a contradiction as follows. Let us denote as A the set of density points of 
A. More precisely: 

, f , .. |An[t,« + e]| , 

^ = U S : lim — = 1 



4G 



We now use that (cf. g]) |A\.4| = 0. Therefore lim £ ^ \^DM±£i = Um £ ^. [An[t f +e]l and all 
the points of A are density points. By assumption \A\ = \A\ > 0. We have proved in (I9.25[) the 
following. 

For any to 6 A there exists e (to) such that, for any e < e (to) we have: 

a (Y (t + e);t Q + e)-a(Y (t ) ;t ) > 9 (9.26) 

where Y (t) is the unique point in St n Bs 1 (X) that exists for any t € A = Is 1 ,s 2 n l£ &2 (X) . 
Moreover: 



\An [t ,t + £}\ > ( 1- -£ ) e 



(9.27) 



for any e < e (t ) ■ 

We now argue iteratively. Due to (|9.27|) we can find t\ & AC\ (to, to + e (t )) , and there exists 
£ (ii) < (to + £ (to) — ti) such that for any e < e (t\) we have: 



a(Y(t 1 +e);t 1 +e)-a(Y(t 1 );t 1 )> 



(9.28) 

|^4n[*i,ti+e]| > f 1 -^) 5 ( 9 - 29 ) 
Taking e = ti — f in (|9.26l) and using also (|9.28[) we obtain: 

a (y (ti + e) ; ti + e) - a (Y (to) ; t ) > 20 

for any e < e (t\) . 

Iterating the argument, something that it is possible due to (|9.29|) we obtain the existence of 
sequences {t n } c A, {e (t n )} C [0,oo) such that: 

a(Y(t n + e);t n +e)~a(Y(t );t ) >(n + l)0 

for any e < e (t n ) . Since a (Y; t) is bounded for the total mass J n d[io (%) this gives a contradiction. 
■ 

Using (|9.14[) , (19.15[) we can now conclude the Proof of Theorem [34j 

Proof of Theorem 1341 Notice that for any 62 > fixed the sets Is 1 .s 2 ar e an decreasing 
sequence of sets in the sense that: 



< 8i < Si implies I Su s 2 C Is u s 2 
Moreover, for any 82 > fixed we have: 



[0,CX>)\ |J I Sl ,6 



<5i>0 



= 



(9.30) 



Let us write: 



Then: 



Z= [0,oo)\ (J I Sl ,8 2 

<5i>0 



[0, 00) = Z U (J 7 5l! 5 2 = Z U |J /i A 
5i>0 n=l 

|Z| = 

Let us consider a countable set F dense in fi. We have: 

n = |J b Si (x) 



(9.31) 



(9.32) 
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We define 



Us 2 = {t e [0,oo) : 3 Y € S t , 7~ (Y;t) - 8na{Y-t) > 8it6 2 } 
Using (|9.31l) we obtain: 



u &2 = [2nw j2 ]u (J [l itS2 nU S2 



(9.33) 



(9.34) 



Suppose that t s 



Then, there exists Y € S t such that 7~ (Y, t) - 8vra (Y, i) > 8tt5 2 



and, due to (|9T32]) there exists leJ such that Y e Bi (x) . Then: 



/ 

JB 1 



djlt (x, v) — 877 / d/Ltt > 87T02 — 8nS 2 > 47r#2 

(x)xs 1 JBx(x) 



Therefore telt^(X) C \J XeJ r if & (X) . Then 



U[' 



Ii,S 2 r)U s 
It then follows from (|9T34|) that: 

« 4a c [z n w Sa ] u (J (J_ n it M (X) 

Then: 



ra=l XgJ 



n=l xejr 



whence: 



|W« a | = 

for any 82 > sufficiently small. Due to the definition of Us 2 in (|9.33[) it follows that: 

7" (Y,t) 



8- 



< ^2 a.e. t G [0,oo) 



Then, since c>2 can be made arbitrarily small it follows that: 

VYeS t , 7 - ~ Q (y, t) < a.e. i G [0, 00) 

87T 



A similar argument taking as starting point (|9.15[) yields 

7" (Y,t) 



whence: 



or, equivalently: 



vy e s t 



8tt 
8tt 



- a(Y,t) > a.e. f e [0, 00) 
a (Y,t) a.e. t e [0,oo) 



OTT J S i 



The previous argument yields the contribution of the interior singular points. A similar argument 
could be use to compute the contribution of the boundary terms. The main idea needed is now 
sketched. Taking a test function that is quadratic near a singular boundary point (with Neumann 
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boundary conditions), and using the test function (p in (|8.35l) we obtain formally that the main 
contribution is due to the terms containing V 2 V> that give, assuming that curvature effects in the 
test function are higher order terms (as well as the curvature term in tp that seems to give also a 
negligible contribution) : 



\x - X \" 



2p 2 



4tt 
1 

47T/9 2 



V {y)-V 2 ^{y,t)- V {y) 



4tt 



(Ai+A 2 ) 2 



Y 2 + (X 1 + X 2 y 



47T/9 2 



This gives the boundary contributions. 



10 Characterizing oscillations in the microscopic scale: Mea- 
sure valued Young measures. 

10.1 Generalities. 

A possible feature of the solutions obtained in this paper that we do not rule out in this paper 
is the possibility of having oscillations at a microscopic time scale of order e 2 for functions like 

7 

f e (u e ) in the case of the first regularization or u E + e (u £ ) 6 . This is the reason because we obtained 
in the weak limits of f e (u £ (x, t)) f e (u e (y, t)) dxdy measures defined in Cl x Cl x [0, oo) having the 
form dixit {x, y) . It is not clear if this limit measure can be decomposed as dp^ (x) dp^ (y) . In this 
section we introduce some general formalism that allows to characterize the limits of this nonlinear 
expressions even if such oscillations take place. We will also prove that the limit objects, that will 
be denoted as Measure valued Young measures, can be characterized by means of a standard set of 
Young measures that depend only on the oscillations of the masses near the singular points. 

Let us assume that {/ii, p2 1 Pl} is a set of measures in M+ (f2 x M+) satisfying: 

dp k (x,t) = dp k ,t(x)dt , k = l,...,L (10-1) 

/ dp k . t (x)<A , k=l,...,L , a.ete[0,oo) (10.2) 
Jn 

for some A > 0. 

We will assume also that these measures can be approximated in the weak topology by means 
of sequences ^dp e k t (x) eft jas e — > + , where dp £ k t (x) = U £ (x, t) dx, and U £ G C°° (£l x M+) . It 
will be always understood that convergence takes place for suitable subsequences. 

Specific examples would be the sequences {/ £ (u 6 ) dxdt} , j u e + e dxdt^ , that converge 

respectively to dp^dt, dpfdt. We could also consider sequences like {u e dxdt} that converge to 
dp t dt, but since in this case oscillations do not take place, the formalism presented below would be 
trivial and the resulting measure valued Young measures would be suitable Dirac masses. 

Given measures {pk} k= i satisfying (jlO.lj) . (|10.2|) . test functions (fk,j € C (H) , k = 1, j 
1 . Mfe, Mfe > 1 as well as T £ (0, oo) we define the following functional: 

L 

L\ Vk j} : Co (K M x [0, T}) R , M = ]T M j 

i=i 



L\ Vk j} m , <I>ec([-B,B] M x [0,T] 
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where: 



m = f 

Jo 



\Jq Jn Jn Jn Jn J 

(10.3) 

Due to (fT0T2|) it follows that \J a ^k,jdfi%\ < B, k = 1,...,L, j = l,...,M fc for some B 

depending only on A, Hy/bj H^wm • Therefore the functional defined in (|10.3[) can be considered as 

a functional in C (j— B,B] M x [0,T]^ and it satisfies: 



Therefore, there exists a Radon measure dX 



<T\m 



C([-B,B] M x[0,T]) 

such that: 



[$] 



-B,B] M x[0,T] 



{*>ft,j},T 



where: 



£ — (6,1' •••>Cl,M 1 )^2,l ! •••) £,2,M 2 ? ■■■£,L,M L ) 



The compactness of [— A/ x [0,T] implies that for suitable subsequences: 



dX 



dX 



Therefore (for subsequences): 



-B,B] M x[0,T] 



{<Pk,j},T 



Extending the measure dX{ Vk ? by zero for |£fcj| > B we can ensure the existence of a family 
of measures dA{ Vfc .^y such that: 



r x[0,T] 



*(^*)^ {vfeij} ,T (£,*) 



(10.4) 



The family of measures }.t} will be denoted as measure valued Young measures. Notice 

that they allow to compute weak limits for the weak limit of any finite sequence of " macroscopic" 
magnitudes obtained using sequences of measures dfit. 

Our goal is to reduce the computation of the measures dX{ Vk .y t x in the case of the limits of 

sequences {/ E (u e ) dxdt} , j u e + e (u e )' s dxdt^ to the Young measures associated to the sequences 
that yield the masses near the singular set S t - 



10.2 On the family of Young measures describing the aggregation of 

f £ (u e ) , u £ + e {u £ Y . 

We now consider the first regularization, and we define a family of Young measures labelled by 
the spatial and time positions and describing the weak limits of the weak limits associated to 
{f e (u e )}, |u £ +e(u e ) H |. We will include also the dependence on the sequence {u e } that will 
yield a trivial Dirac mass contribution, but we will include it by completedness. 

In order to obtain a general result describing the possible limits of nonlinear functionals asso- 
ciated to the sequences {f e (u e ) dxdt} we will need detailed information on the behaviour of these 
sequences near the singular set. 
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The singular set varies in a continuous manner due to Lemma 1181 We consider the set of 
continuous functions on S, C (S) . Since S is a closed set in f2 x [0, oo), given ip € C (S) it is 
possible to find a continuous extension of ip to O x [0, oo) . We will denote as ip £ C (il x R + ) a 
generic continuous extension of ij). Our goal is to define a family of measures that will describe the 
structure of oscillations of the sequence {f e (u £ ) dxdi] near S. 

For each fixed 5 > 0, e > 0, L > and any family of functions ipi, ipN, <fii, G C (S) , we 

consider any family of continuous extensions of these functions ipi, ippf, (p\, (pjsr £ C (Tt x K. + ) 
supported in the set S + B a (0) , with a > small. We then define a family of functionals in 

C (([0,B]) 2Ar x [0,T]\ by means of: 



C 



2N 



M)'° N [<jy] = (10.5) 
( / 4>ife{u e )dx,..., / -ip N f E (u £ )dx, / tpiu £ dx, \ ip N u £ dx,t) dt 



M]'° . [4>] 



< T 



l^llc([0,B] M x[0,T]) ( 10 - 6 ) 



Therefore, there exist Radon measures v £l Z _ N £ M+ ([0,B} 2N x [0,T]) such that: 



Afff - tjv [</>] = / <^<K : ~ . tjv 



The weak compactness of the sequence i/' lJV > implies the existence of measures 



, - , x i , i/r 7 -in such that: 



^ 6 r ' CT lJV ^"r; - i» as e -> 

for suitable subsequences. Then: 

^ - x» [<t>\ "> / a I" ( 10 - 7 ) 

^m,ipm} m=1 7[0,B] 2JV X[0 : T] 1*""*'™.!™=! 

We now remark that the measures Ur^ . ijv depend only on the values of the functions 
( ~i N m_1 

^V'm,¥>mf at the singular set. Indeed, for any extension of the functions {ipm, l Pm} m= i to 

I J m— 1 

r ~ i w 

S 1 + So- (0) we can choose txo small such that the functions < ip m , (p m > differ from the values of 

I J ni—l 

{ipm, <^m} m=1 in the closest point in S by an arbitrarily small amount. On the other hand we have 
the estimates: 



VVn/e (u £ ) dx < C u £ dx 

n\[s+B ao (0)] i[S+S tT (0)]\[S+B„ (0)] 



(p m u £ dx < C / M e cfa; 

n\[S+B„ (0)] i[S+B CT (0)]\[S+B CTQ (0)] 



51 



and the right hand side of these formulas can be made arbitrarily small, uniformly on e, if a is small 
for a.e. t. It then follows that taking the limit in the order indicated above we obtain: 

^ m ,*^}£ =1 ( 10 - 8 ) 

The measures |^{^ m , Vm } JV x | that can be extended to describe the possible oscillations of the 
sequences {/ E (u £ )} , {u £ } near the singular set. Since nontrivial oscillations can take place only at 
the singular set, they are sufficient to describe the measures {X{ Vk }.t} described above. Moreover, 
since the functions J fi (p m u £ dx change continuously in the macroscopic scale, they do not contribute 
to the oscillations. Therefore, there exist measures V { ; }N € (C (R+ x such that: 

N 

dv U> m ^ m }Z=i (^->^N,Vu-,VN,t) = dv { ^ mi N =i (fi,-,6v,*) n$f St m dn t {rim) (10-9) 

m— 1 

Therefore, the only non trivial measures that need to be computed are }N j . Intuitively 

these measures describe the statistical distribution of the oscillations as well as their correlations 
at different points of the singular set. 

Notice that, as mentioned above, it is possible to compute the measures {^{ Vkj },r} m (|10-4[) 
in terms of the simplest family of measures |V { }JV j . More precisely, suppose that we define 
a family of measures {A{ Vfc },t} using as measures {/x^} the sequences {f e (u £ )} , {u £ } . Suppose 
that we define measures {A.^ },t} by means of: 

L \ Vk } t [*] = / / <Pi,ife(u £ )dx,..., / >p 1 ,M 1 f E (u £ )dx, / ip 2 ,iu £ dx,..., / ip 2: M 2 u £ dx,t) dt 

"' ' Jo \Jn Jn Jn Jn / 

and limits: 

— > J J $ ...CTi^/i , 02,1, •■•02, M 2 ' ^{Vfc ■•■Cl,Mi > 02,1, •••) 02, M 2 ; 

as e — > 0. 

Given a function $ e c*M 1+ Af 2 +i ^Afj x r m 2 x r+ ) and real num b ers {aij}^ we define: 

T ln tMi ($) (01,1, — Cl,Afi) 02,1, ■■■&2.M 2 ,t) — $ (ci.i + tti i, ...(Ti.Mi + ai.Mnff2.1, — 02,M 2 ,*) 
i ij I j = i 

Using the convergence properties of the sequences {u e } , {/ e outside the singular set, as 

well as the definition of the measures }JV | we obtain the following representation formula: 

J J $ (01,1, — Cl.&fi , 02,1, ...<T2,M2, *) ^{Vfc.j},T (o"l,lj — 0"l,Afi i CT 2,1, 02,M 2 ,*) 

• •••) 0%Mi, y <f2,idnt, •••) y <P2,M 2 4"t,tJ <JV Wm(J , (o'l.i,— )0"l,Aru*) 

This formula provides the desired representation formula for nonlinear functions of limits of se- 
quences {/ E , |u £ + e (it e ) 5 1 , {u £ } in terms of the measures }JV 
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